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1 Introduction

Consider particles randomly move on the lattice Z". For x € Z" and t € Z, let p(x,t) be
the number of “heat” particles in position x at time ¢. Macroscopically, p(x,t) is observed as
the temperature of the lattice system in position x at time ¢. Since

plat+1) =27 3 pyb), (1)

ly—z[1=1

the discrete version of the time derivative 0;p is given by

p(aj‘,t + 1) —p(.%’,t) =27" Z [p(yat) - p(l‘,t)]. (2)
ly—z1=1



In particular, in dimension n = 1, the right-hand side of the last expression equals to

5 bt —p@n] = Sl L) —ple ) - - L) - pa )] (3)
ly—z|1=1
2

1[0 0 0

%

This gives a discrete analog of the heat equation in 1-dimension:
2
Orp = —pla,t). 5
i = 5 5p(e,t) (5)

Since particles can only moves orthogonally on the lattice Z™, the higher-dimensional heat
equation for (z,t) € R™ x R4 (in an appropriate scaling limit) is given by:

dp = Ap, (6)

2 . C .
where Ap = Y"1, %p = tr(V?p) = div(Vp), Vp = (%’1, e, %)T, and div(v) = >, 88;1
for a vector field v : R™ — R™.

2 Heat equation

2.1 Euclidean gradient flow

For u : R™ — R, the Dirichlet energy is defined as

E(u) = / |Vul?. (7)
Let v =u+tv,t € R,v:R™ — R be one-parameter family of u. Note that
E(u') = / |Vu + sVu|? = / |Vu)? —|—t2/\Vv]2 + 2t/<Vu,Vv). (8)
If v has compact support, then the integration-by-parts (cf. Lemma A.3) gives
d .
— = 2/<Vu, Vv) = —2/vd1V(Vu) = —2/7}Au. 9)
dt|,_,

By the Cauchy-Schwarz inequality,

[onus () v ( /<Au>2>” (10)

with equality holds if and only if v = cAwu for some constant ¢ # 0. Since v = d;u’, this means
that, up to a multiplicative constant, u; = Awu is the (negative) gradient flow for the energy
E(u), i.e., if uy = Au for u: R" x R — R, then

d

&E(u(-,t)) = —2/(Au)2 <O0. (11)
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If further [ |u(,t)] < oo for each ¢, then

8t/u(-,t) = /@u(-,t) = /Au(-,t) =0, (12)

where the last equality follows from Lemma A.3. Thus [ u(-,¢) is constant in ¢, which is the
first law of thermodynamics.

Suppose € is a compact subset in R™ and u : R” x R — R such that du(x,t) = Au(z,t)
and u|gn = 0. Since u vanishes on 052, we have

/Q!VUI2 =/Q<Vu,VU> = —/QuAu< </Q“2>1/2 </Q(Au)2>1/2. (13)

Theorem 2.1 (Poincaré inequality). If v : @ — R such that v|pq = 0, then

/1)2 < c/ Vol?, (14)
Q )

where c is a constant depending on €.

By the Poincaré inequality in Theorem 2.1, we have

/Q|Vu|2 < (c/gvﬁ)m <—;§tE(u)>1/2, (15)

where ¢ is a constant depending on 2. In particular, if € is connected, then ¢ > 0. Then we
have
1/2 1d 1/2
E(u) = ( / Vu2> < cM? (-E(@) , (16)
Q 2dt

E'(t), where E(t) := E(u(-,1)). (17)

ie.,
c
Elt) < —=
() < -
Now by the Gronwall lemma, we have
E(t) < B(0)e 2!/, (18)

which means that the energy of the heat flow decays exponentially fast in time.

2.2 Parabolic maximum principle

Theorem 2.2 (Parabolic maximum principle). Let Q@ C R™ be compact and u : 2 x [0,7] — R.
If (0 —A)u<0onQxI[0,T] (ie., u(x,t) is a sub-solution of the heat equation), then

max_u(z,t) = max u(z,t). (19)
Qx[0,T (00x[0,T)HU(22x{0})

An immediate application of the parabolic maximum principle is the following gradient
estimate on solutions of the heat equation.

Theorem 2.3 (Gradient estimate). Let u: © x [0,7] — R such that d;u = Au. Then

max_|Vul? = max |Vul?. (20)
Qx[0.1] (92X [0,T])U(Qx{0})
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Proof of Theorem 2.2. First assume (0 — A)u < 0. If the theorem fails, then there exists
(20, ) in the interior of © x [0, 7] such that

u(zxo, to) = QIS%?%] u(z,t). (21)
Then the first derivative test gives Vu(xg,tg) = 0 and dyu(zg,tp) > 0, and the the second
derivative test gives Au(xo,tp) < 0. Thus at (zg,tg), we have (0; — A)u(xg,to) = 0, which is
a contradiction to the assumption.
Next consider the general case (0; — A)u < 0. Let v.(x,t) = u(x,t) — et for e > 0 and
t € [0, 7). Then
(8t — A)UE = (Gt — A)u —e< —€e< 0, (22)

so we can apply the above maximum principle to get

max u > max u > max Ve = max v, = max u—¢eT. (23)
Qx[0.7] (0% [0,T]) (2% {0}) (0% [0,T])U(2x {0}) Qx[0.7] Qx[0.7]

Now letting € | 0, all inequalities in the last display become equality and this finishes the
proof. |

Proof of Theorem 2.3. Consider (9; — A)|Vu|?. Apply the chain rule to get

| Vul* = (2Vu, Vuy), where u; = Opu = %u
and
AVul? = Zn: P AN~ (e
i=1 tolg=1
n 82 2 n a 83
=22 (axiaxj“> T2 Gt e
1,j=1 7,7=1 7

= 2|V2u|% + 2(Vu, VAu),

where V2u is the n x n Hessian matrix of u and | - | denotes the Frobenius norm. Then we
have

(0 — A)|Vul> = 2(Vu, Vug) — 2|Vul% — 2(Vu, VAu)
= 2(Vu, V(us — Au)) — 2|VZu|3 = —2|V?ul% < 0.

Now apply the parabolic maximum principle in Theorem 2.2 to conclude. |

2.3 Heat kernels

Definition 2.4 (Heat kernel). Let Q C R™. A heat kernel is a function H : Q x Q@ x Ry — R
satisfying the following three properties.

1. Symmetry and non-negativity: H(z,y,t) = H(y,z,t) > 0 for all z,y € Q.



2. For any fixed y € €,
(0 — Ag)H =0, (24)

where A, is the Laplacian with respect to the x variable.

3. Reproducing property: for ug :  — R such that ug € C2(Q2) (i.e., continuous function
with compact support in §2), we have

/Quo(y)H(ac, y,t) dy — ug(x), ast | 0. (25)

Property (ii) requires the heat kernel H is the fundamental solution of the heat equation.
In addition, (z,t) — [wuo(y)H (z,y,t)dy solves the heat equation because

0 - A) / uo(y) H (z, . 1) dy = / uo(y) (O — Ag)H(x,y, ) dy = 0.

Corollary 2.5 (Semi-group structure of the heat kernel). Let ug : R® — R such that ug € C°.
Then

Puy(z) = /n uo(y)H (z,y,t)dy, t>0 (26)

forms a semi-group of linear operators such that

(0 — A)Pug(z) = 0, (27)
Pug(x) — wup(z), ast ] 0. (28)

2.3.1 Heat kernel on R"

Let up : R® — R be a continuous function with compact support (i.e., ug € C2). If ug does
not grow too fast at infinity, then by the uniqueness the solution of (33) is given by

u(et) = [ wow)H(z,p1) dy, (29)

where H : R" x R"™ x Ry — R is the heat kernel on R" is defined as

z— yl?
H(z,y,t) = (4nt) ™2 exp <—ﬁ> . (30)

Lemma 2.6 (Heat kernel on R™). The function H defined in 30 is the heat kernel on R™.

Proof of Lemma 2.6. Parts (i) and (ii) in Definition 2.4 are obvious. For part (iii), by the
continuity of ug, we have as t | 0,

lz —y|?

[ o= [ o) (nt) e (—#) ().

—0z(y)




2.3.2 Heat kernel on S!

Consider S! = R/Z. So Au = u”. We can find an orthonormal basis of eigenfunctions (¢;)$;
for the Laplacian operator A solving the equation

Ag; + N = 0. (31)

Lemma 2.7 (Heat kernel on S'). The function

o0

H(z,y,t) =) e ei(x)dily) (32)

i=1
is the heat kernel on S'.

Proof of Lemma 2.7. Symmetry is obvious H(z,y,t) = H(y,z,t). Next we compute

oo

8tH(.%', Y, t) = Z(_)‘i)e_)\itgbi(x)(bi(y%
=1

A H(z,y,t) = Z A, () i Ze (7)di(y)-

=1 =1

Thus (0, — Ay)H(z,y,t) = 0 for each fixed y € S. To check the reproducing property, given
the expansion ug(y) = >, a;¢i(y), we have

[ty - | S o) 4(x)n(v) dy

1
=1

— S M) [ wal)oay

i=1
0o

= Z e_)\itqﬁi (:E)al
=1

Ast |0, e — 1 on the compact S' and
[ oy a3 b (e)es = uofa).
i=1

Finally, we check the positivity of H. Suppose there exists (zg, yo, to) such that H(zg, yo,to) <
0. Then we can a continuous function u : R® — R with compact support in a neighborhood
of yo where H(xg,-,tg) < 0 such that u > 0 and u # 0. By the parabolic maximum principle
in Theorem 2.2, we have

U(zx,t) = /u(y)H(x,y,t) dy > 0.

But
U(zo,t0) = /U(Q)H(ﬂb‘o,y,to) dy <0.
~ —— ——
>0 <0
So we get a contradiction and we must have H(z,y,t) > 0. [



2.4 Central limit theorem
Let up : R® — R be a continuous function with compact support (i.e., ug € C?). Consider the
initial value problem:
(O —A)u=0
) e )

Suppose 1y does not grow too fast at infinity. Recall that the uniqueness the solution of (33)
is given by u(x,t) = [, uo(y)H (x,y,t)dy, where H is the heat kernel on R™ defined in (30).
A crude bound

n

u(z, )] < (4m)—”/2/ ol >0 ast— oo (34)

shows that the temperature u(z,t) vanishes in the long-time dynamics. The goal of this
subsection is to show that the solution of the heat equation in (33) tends to Gaussian after
proper rescaling, i.e., the central limit theorem (CLT) behavior.

Theorem 2.8 (Central limit theorem for heat equation). Let
v(z,t) = (4rt)"?u(Vtz, t). (35)
Then as t — oo,

o(z,1) - exp(—[z[2/4) / . (36)

Rn

or equivalently u(v/tz,t) = G() [pn uo, where

Gla) = (4m) ™" exp(—|a]*/4) (37)
is the standard Gaussian in R™.
Proof of Theorem 2.8. Note that

vat) = () [l amt) e (—W‘y> ay

At
_ =yl | 2Vi(z,y)
= /uo(y)exp< R TR dy
_ || / > | (=,9)
= eXP( 1 uo(y)eXp( TRl Vi )dy
M ——~
—1 —1

2.4.1 Functional inequalities

The CLT behavior and monotonicity of the heat equation are powerful tools to provide “dy-
namical proofs” of some well-known functional inequalities. The general idea is to use interpo-
lation. To prove a functional inequality, we run two continuous-time heat equations (i.e., heat



flows) with the initial data given by the left-hand side of the inequality. A key step is to find
a monotonicity (non-decreasing) of the solutions of the heat equations, which means that the
left-hand side of the inequality is smaller than any later time point of the functional. On the
other hand, if we run the heat equations for a long enough time, then we get a CLT behavior
with property rescaling, modulo a constant that depends on the initial data. Those constants
preserve the total energy of the two heat flows which are associated to the right-hand side
of the inequality. Thus when we look at the long-time dynamics of the heat flows, then the
functional with initial data is always less than the time limit. This would prove the desired
inequality.
First, we shall demonstrate the above idea to prove the Holder inequality.

Theorem 2.9 (Holder inequality). Let u,v : R™ — R such that v € LP and v € L4 for p,q > 1

and £ +1 =1. Then
P q
1/p 1/q
[l < ( / |urp) ( / W) . (38)

Proof of Theorem 2.9. Step 1. By approximation, it is enough to assume w,v are continuous
functions with compact support, i.e., u,v € C2(R"). Let f,g: R" x R — R solve the following
initial value problems of the heat equations respectively:

{ (O —A)f=0 and { (O —A)g=0
f(@,0) = |u(z)P 9(x,0) = [v(z)[?

We claim that f,g > 0 because we have by the parabolic maximum principle in Theorem 2.2
that
(O = A)(=f) =0 = max{—f(z,1)} = max{—|u(z)["} <O0.

Thus f(x,t) > 0, which means that if we start from non-negative initial data, then the solution
of the heat equation remains non-negative.
Step 2. Our next claim is:

o / filrglfa > g, (39)



which implies that [ f1/Pg'/? is non-decreasing in ¢. Indeed, direct computation yields
o [ 1910 =[5 P gt g g
= /p_lftf_l/qgl/q +q g ftrgTip
= [p AN E g g ag) £y
= 7[R n) - gt [(vg v g
— (VR TN g (V) gt
~a! [ (V. =p Do)y g (T ) £
— (0t [IVARF g ) [ Vg

2(pg)~! / (VF,Vg)f gV,

Note that . )
wrogd | _|Tf _ Vo' _IVSE  IVoP _ 2(V5.V)
g fog f? g fg
Combining the last two equations and using p~! + ¢~! = 1, we get
2
at/fl/pgl/q — / B V log / frgtla >0 (40)
pq g

with equality attained if and only if w = cv for some constant ¢ # 0. This proves the
monotonicity (39).
Step 3. By the CLT in Theorem 2.8, we have

"2 f(Vix,t) = G(x) / lulP and "2g(Vtx,t) — G(2) / lv|? ast — oo,

where G(x) = (47)~"/% exp(—|z|?/4). Since 9 [ f1/Pg!/9 is non-decreasing in t, we have

UY| = T, g(x, < x,t)Fg(x,t , t > 0.
Fz,0)M/P 0)/4 f 1/p Va v >0
Changing variables x — /tx for t > 0, it follows that

/f(ﬂ:,t)l/pg(:v,t)l/qu = /f(\/ix,t)l/pg(\/ix,t)l/qt”ﬂd$
= /{t”/zf(\/ix,t)r/p [t"ﬂg(\/ia:,t)} Y g

o / [G(x) / |u|p} v [G(:L‘) / w} Y s a5t 00
= ([l ([ [ 6 do
= ([ 1y e f iy,

10



Taking t — oo, we conclude (38). [ |

In fact, we can prove a general functional inequality using the CLT which includes the
Holder inequality in Theorem 2.9 as a special case. Let F : R2 — R be a non-decreasing and
concave function, i.e., Fy, F;, > 0 and

V2F = ( Foa Fuy > <0
wa Fyvy

as a matrix inequality. If we take F(z,y) = acl/pyl/q for z,y > 0,p~' + ¢~ = 1 such that
p,q > 1, then it is easy to check that F' is non-decreasing and concave.

Theorem 2.10 (A monotonicity property). Let F : R> — R be a non-decreasing and concave
function. If the functions f,g: R"™ x (0,00) — R such that (9; — A)f > 0 and (9, — A)g > 0,
then the function t — [ F(f(y,t),g(y,t)) dy is non-decreasing.

Now if we take F(z,y) = z/Pyl/a,
(O —A)f=0 { (8, —A)g=0
{ Fe,0) = fu@l ™ ge,0) = [o(@)l

then by Theorem 2.10,

/yuv| /fa:()l/pxol/q /F f(x,0), g(x,0))

< /F(f(a: t), g(x,t)) /fx YPg(z, )9, vt > 0.

Letting t — oo and using the CLT (same as Step 3 in proving Theorem 2.9), we recover the
Holder inequality.

The monotonicity property in Theorem 2.10 can be used to prove other inequalities. Below
we give another example.

Lemma 2.11.

el [lul [l
fal + o] S Tl + T ol (4D

Proof of Lemma 2.11. It suffices to prove that for u,v > 0,
/ uw f K
u+v fu + Ju

We shall apply Theorem 2.10 with F(x,y) = for x,y =2 0. It is easy to check that F' is
non-decreasing and concave. Take

{2020 g { (0~ A)g =0
f(@,0) = u() >0 9(2.0) = v(@) >0 -

By Theorem 2.10,

/ / 0 ) dy is non-decreasing in t.

11



Combining this with the CLT (cf. Theorem 2.8), we deduce that

uv fly, gy, t) "2 f(Viy, t) t"2g(Viy, t)
/u+v<//f(y,t)+g(y,t) W = /t"/Qf(\/iy,th"/?g(\/iy,t)
. /(G(y)IU)(G(y)fv)
Gly) [u+Gy) [v
Jufv
= W/G(y)dy
JuJv
Ju+ [v

dy ast— o0

Proof of Theorem 2.10. We need to show that &; [ F(f,g) > 0 for ¢ > 0. By the chain rule
and the assumption that f and g are super-solutions of the heat equation, we have

8t/F(fvg) = /wat+Fygt
> / F,Af + FyAg
- - / (VE,. V) + (VE,,Vg)

- - / Foa[ V4 Fay (V9. V1) + FyalV,Vg) + Fyy [Vl

_ _/tr <F Fﬁ,y><<!w2 <Vf,Vg>>

Fya Fyy Vg, Vf) |V9’2
=V2F<0 >0 by Cat?ciy-Schwarz
> 0
[ |
2.5 Drift Laplacian
Let u: R™ — R and ¢ : R — R. Define the drift Laplacian operator
Lyu = Au— (Vp, Vu). (42)
It is clear that A = Leonstant- Two other important examples we shall discuss later is ¢(x) =
|z|2/4 and ¢(x) = —|z|?/4. Note that
Lou=e?(e ?Au— e ?(Vo, Vu)) = e?div(e *Vu). (43)

Suppose that [u?e™® < oo and [|Vul?e™® < co. Then there is a natural inner product
associated to Ly:

(u,v)p = /uve_¢ (44)

12



for u,v € CZ°(R™), the class of smooth functions with compact support in R". Indeed, Ly is
a self-adjoint operator w.r.t. the weighted L?(e~?dx) because

/u£¢ve¢ = /ue¢div(e¢VU)e¢ = /udiv(e¢VU) = —/(Vu, Vo)e ® = /v£¢u6¢.
(45)
The inner product (-, ->¢ gives the spectral structure of the drift Laplacian operator Ly. If
Lyu + Au = 0 for some u # 0, then

/Au26_¢ = —/u£¢ue_¢ = /(Vu,Vv>e_¢ :/]Vu\2e_¢.

J |Vul2e=? >0
[ ue=? -

and A = 0 if and only if v is (non-zero) constant. Moreover, if Lyu+Au =0 and Lyv+pv =0
such that A # pu, u # 0, and u, v # 0, then

Lo 1
U, v = we ? = /u <¢) e? = —/ Love®
(u,v)g / i p ¢

1
= /v£¢ue_¢ = )\/vue_¢ = i(1},u>¢,,
7 u 7

Thus,

A= (46)

which implies that
(u,v)p = /Uue_¢ =0.

Thus the eigenfunctions v and v associated with different eigenvalues are orthogonal.

2.5.1 Ornstein-Uhlenbeck operator

The Ornstein-Uhlenbeck operator is the drift Laplacian operator with ¢(x) = |z|?/4, i.e.,
Lovu =L ,pu = Au— <g, Vu). (47)
T

It is useful to note that the OU operator can be obtained by the (usual) Laplacian and
the heat equation by scaling.

Lemma 2.12 (Connection between heat equation and parabolic OU operator). Let u(z,t) be
the solution of the heat equation (9; — A)u(x,t) = 0 for t € R and v(x, s) = u(e™%/%x, —e*).
Then (0s — Loy )v(z,s) = 0.

Proof of Lemma 2.12. Denote u(x,t) as the partial derivative of u(x,t). By the chain rule,
we have

1
Osv(x,8) = —56_5/2<x,Vu(e_8/2:v, —e7)) + e Sug (e e, —e ™),

Vo(z,s) = e *?Vu(e %z, —e™%),
Av(z,s) = e *Aule™z,—e ).

13



Then,
(0s — Lov)v(z,s) = —%678/2<1’, Vu(e 2z, —e ™)) + e Suy (e 2z, —e %)
—e S Au(e™x, —e%) — %(a:, e 2Vu(e %z, —e™*))
= (8 — Au(e ™z, —e),
showing the desired equivalence. |

When n = 1, the OU operator Loy is also called the Hermite operator, i.e.,

1
Lopu = u" — 53;1/. (48)

It is easy to check that the eigenvalues of the Hermite operator are multiples of 1/2 and the
eigenfunctions are the Hermite polynomials. For instance, (0,1) is the smallest eigenvalue
and eigenfunction pair because Loyl = 0; (1/2,z) is the second smallest eigenvalue and

eigenfunction pair because Loyr + § = 0; (1,22 — 2) is the third smallest eigenvalue and

eigenfunction pair because Loy (2% —2)+ (22 —2) = 0, etc. Note that the Hermite polynomials

are orthogonal polynomials w.r.t. the standard Gaussian measure e~ /4y,

2.5.2 Mehler flow

Recall that in Section 2.5.1 (Lemma 2.12), it is shown that wu(z,t) solves the heat equation
(9y — A)u = 0 if and only if v(z, 5) := u(e~*/%z, —e~*) solves (95 — Loy )v = 0. In this section,
we provide another scaling (forward in time) for the heat equation.

Suppose (0 — A)u(x,t) = 0. Let

a(x,t) = t"2u(vtx, ). (49)
By the CLT in Theorem 2.8,
a(x,t) — (4m) "2 exp(—|z|?/4) /u, as t — o0.
Now changing the time clock ¢ = e®, we define
v(z, s) == iz, e®) = " 2u(e’/ %z, e®). (50)

Lemma 2.13 (Connection between heat equation and Mehler flow). Let u : R” x R — R and
v be defined in (50). Then wu(x,t) solves the solution of the heat equation (0; — A)u(z,t) =0
if and only if v(z, s) solves the equation (95 — Lys)v(z,s) = 0, where

1
Lyv:=L ,2v+ Dy=Av+ —(z,Vv) + 2y (51)
- 2 2 2

is the Mehler operator.
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Proof of Lemma 2.13. Denote u;(x,t) as the partial derivative of u(x,t). By the chain rule,
we have

1
Osv = gens/zu—i—ens/2 565/2<x,Vu)+esut ,

Vo = e"/2e*Vu,
Av = e™/2¢5Au,

where v := v(x, s) and u := u(e*/?x, e%). Then,

1
(Os — Ly)v = %e”s/2u + 56n8/268/2<$, V) 4 "/ 2esuy

—e™/2e5 Ay — %(m, Vu)e”s/zes -2

= /259, — A)u,
showing the desired equivalence. |

Lemma 2.13 shows that we can derive the Mehler flow from the heat flow by properly
scaling over space and (forward in) time. Now consider the fundamental solution of the heat
equation on R":

u(z,t) = (4rt) "% exp (-'Zf) :

Changing variable t = e®, we get
2 2 2 Eds
v(z,s) = ™ ?u(e?*z,e%) = (4m) % exp e G(x),

where G(x) is the standard Gaussian on R™ that does not depend on s. Thus Ly/G = 0
since (0s — Lar)G = 0 by Lemma 2.13. This means that G is a critical point for the equation
(0s — Lpyr)v(z,s) = 0 and G is Lps-harmonic.The equation (05 — Lps)v = 0 is sometimes
referred as the Mehler flow.

Suppose we run the Mehler flow (05 — Lys)v(x, s) = 0 from an initial data v(x,0) = vo(x)
with compact support. Then by the CLT in Theorem 2.8, we see that as t = e® — oo,

v(z, s) = ()" ?u(Vesz, e®) — G(z) /uo,

implying that the Mehler flow v(z, s) converges to a multiple of Gaussian as s — oo (i.e., long-
time dynamics). The next result shows that the standard Gaussian, modulo multiplicative
constant, is the only Ljs-harmonic function.

Theorem 2.14 (Gradient flow structure of Melher flow). Let f(x,t) be a function satisfying
£, IV f| € L2(el*?/4dz). The Mehler flow (8; — Lys)f = 0 is the (negative) gradient flow of
the Mehler energy functional

B(f) = [(Vs7 =5 et =0 (52)
Moreover, Lysg = 0 if and only if g = ce~1#1*/4 for some ¢ > 0.
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Proof of Theorem 2.14. By Lemma 2.15, E(f) > 0 and E(f) = 0 if and only if f(z) =
ce1#1/4 For a function f(z,t), we also write E(t) = J(VF? - %f)e"”‘z/‘l. Note that by the
chain rule,

d 2
SE® = [@V£.95) — nf et
and
div(fie V) = (T f P f) 4 fel PV ) + frel A
= (V] Vf>e|x‘2/4 + ftelx‘2/4£7ﬁf.
We have

SE0 = 2 [atpe v~ 2 [ [ r+ 2 )
- _2/fte|z2/4LMf, (53)

where the last equality follows from the divergence theorem under the assumption that
£V Sl e LQ(e‘x|2/4d:U). Choosing f; = Ly f, we see that

iE(t) =2 / (Larf)%e™*/* <o,

dt
which means that E(t) is non-increasing in ¢t along the Mehler flow (0; — Las) f = 0. Moreover,
the energy E(t) = 0 if and only if Ly;f = 0. This together with Lemma 2.15 imply that
f= ce~171*/4 is the only Ljs-harmonic function. |

Lemma 2.15. Let E(-) be the Mehler energy defined in (52). If v, |Vv| € L2(el**/4dz), then
E(v) > 0 and E(v) = 0 if and only if v(z) = ce~1*I*/4 for some ¢ > 0.

Proof of Lemma 2.15. This lemma follows from Lemma 2.16 with g = e~/ > 0, ¢(x)
—|x?/4,U(x) = n/2, and L = Ly such that Ly;g = 0. [

Lemma 2.16. Let ¢ : R" — R and U : R® = R. Let Low = Aw — (V¢, Vw) and Lw =
Lyw+ Uw. If g >0, Lg < 0 is a sub-solution of L, and v, |Vv| € L?(e~?dz), then

E(v) = /(|W|2 — 0 e ? >0 (54)

and E(v) = 0 if and only if v = cg for some ¢ > 0 provided that v # 0.

Proof of Lemma 2.16. Under the assumption v, |Vv| € L?(e~%dz), integration-by-parts en-
sures the uniqueness of the solution to Lg < 0. Since g > 0, we can take w = logg. Since
Vw=Vlogg = % and

Vg

A 2
Aw = Alogg = div(Vlogg) = div(~”) = Ag _ [Vyl

g g%’
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we have

Low = Lylogg = Alogg— (Ve,Viogyg)

Ag |Vl v
= L0 Bb v, Y1,
g g g
L 2
= ﬂ_'vg' < -U - |Vuwl?

g g
with equality attained if and only if Lg = 0. Integrating to get

/v2£¢we¢ < —/02U6¢—/v2]Vw|26¢.
Using the inner product structure (45) and recalling v, [Vv| € L?(e~®dz), we have
/v2£¢we_d’ = —/(VUQ,Vw>e_¢ = —2/U<V0,Vw>e_¢.
Combining the last two displays, we get
/U2Ue_¢+/02|Vw|2e_¢ < 2/U<VU,Vw>e_¢
< 2/|v||Vw||Vv|e¢
< /U2|Vw\26_¢+/|Vv|26_¢,

where the second inequality follows from the Cauchy-Schwarz inequality and the third in-
equality from the elementary inequality 2ab < a? + b?>. Now we obtain that

/U2U€¢ </|V7}|2e¢,

ie., E(v) = [([Vv|> = v2U)e~? > 0, proving (54). Now tracing the equality case, we see that
Lg = 0 together with Vv = vVw for v # 0 give E(v) = 0. This means that

Viogg = Vw = E = Vlogwv,
v

i.e., we need V(logg — logv) = 0, which holds if and only if logv = log g 4+ ¢. Thus E(v) =0
if and only if v = ¢g for some ¢ > 0. |

2.6 Gradient estimates

In this section, we present several gradient estimates for the (drift) harmonic functions and
the heat equation.
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2.6.1 L? gradient estimates

Recall the drift Laplacian operator Lgu = Au— (V¢, Vu). The first estimate for the gradient
of Ly-harmonic functions is given in terms of the L?(e~%dx) norm.

Theorem 2.17 (Reverse Poincaré inequality). If Lyu = 0, then

|Vu|?e™ < 4 u’e™?. (55)
B 2 Jp
T 2r

Proof of Theorem 2.17. Let n > 0 be a cutoff function with compact support in Bs,. Using
the inner product structure (45) in L?(e~?dx), we have

0 = /n n2u£¢ue*¢ = —/n<V(n2u),Vu>e¢
= —Q/nUU(Vn, Vu)e @ — /anyvu\2e—¢.
Then we have
/R n?|Vul?e™? = —2/ nu(Vn, Vu)e™?
2 /R nfull V|| Vule~?

1
< / nQ\Vu]26_¢+2/ u?|Vn)|?e?,

N

where the last inequality follows from the absorbing inequality 2ab < e la? + eb? with € =
2,a = n|Vul, and b = |u||Vn|. Thus we get

/ n?|Vul?e™® < 4/ u?|Vn|2e=?.
R™ Rn
Choose
1 on B,
n =< linear on By \ B, . (56)
0 onR™\ By,

Then |Vn| < r~! and

4
/ |Vul?e™® < / n?|Vul|?e=? < 4/ u?|Vn2e™® < 2/ ue 2.
B, R™ R 7" JBa,

2.6.2 Bochner formula

Lemma 2.18 (Bochner formula). Let u : R® — R such that u € C3(R"). Then we have
1
5A|vuP = |V2u|% + (VAu, Vu), (57)

where V?u is the Hessian of u and |V2u|% = 7" (%)2 is the squared Frobenius norm

1,J=1\ 0x;Ox;
of the matrix V2u.

18



Proof of Lemma 2.18. Compute |Vul|?> = 31" 1(g") and
o 0% 0w\
2
AlVuf2 = ZZM?Q%)
sy o
B — Ox; \ Ox; Ox;0x;
& ou  u
= 2
Z Z <6x &c]) Z Z dx; 0x;0%x;

=1 j=1 i=1 j=

_ 2|V2u|F+2Z Ou Z(%Z < )

= 2|VZu|% + 2<Vu, VAu).

Similarly, we have the Bochner formula for the drift Laplacian.

Lemma 2.19 (Drift Bochner formula). Let ¢ : R® — R and Lyu = Au — (V¢,Vu). If
u € C3(R"), then we have

1
§£¢|Vu|2 = |V2ul% + (VLyu, Vu) + V2¢(Vu, Vu), (58)

where
" 9%% Ou Ov

= 8%8% ox; 87:17]

V2(Vu, Vv) = (V)" (V?¢)(Vv)

is a symmetric bilinear form.

Remark 2.20 (Drift Bochner formula on Riemannian manifolds). The drift Bochner formula in
Lemma 2.19 can be further generalized to the Riemannian manifold (M, g). For ¢ : M — R,
define Lyu = Au — (V¢o, Vu)y. Then

1
5 Lol Vul* = [V2ulh + (VLyu, Vu)g + (V6 + Ricy) (Vu, Vu), (59)
where Ric, is the Ricci curvature tensor of (M, g). However, proof of (59) is based on dif-

ferential geometry, which is very different from the proof of Lemma 2.19 that is presented
below.

Proof of Lemma 2.19. By Lemma 2.18, we have
1 2 1 2 1 2
SLalVul® = SAIVuP = (V6 VIVul?)
1
= |VZul3 + (VAu, Vu) — 5<v¢,V|Vu\2>

1
= |V2ul3 + (VLsu, Vu) + (V(Ve, Vau), Vu) — §<V¢,V]Vu\2>.
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Using the chain rule, we have
VoV, Vo) := (V(V, Vo), Vu) = V2¢(Vv, Vu) + V2u(Ve, Vu).
So we have

(V(V¢,Vu),Vu) = V2¢(Vu, Vu) + Vu(Vep, Vu),
(Vo,VIVul?) = Vg(Vu, Vu) = 2V2u(Vu, V).

Putting all pieces together, we get

1
§£¢|Vu|2 = |VZul} + (VLsu, Vu) + V2(Vu, Vu) + V2u(Ve, Vu) — V2u(Vau, V)
= |VZul} + (VLsu, Vu) + V26(Vu, Vu).

2.6.3 L™ gradient estimate

The Bochner formula is useful for bounding the gradient of solutions to Lg-harmonic functions
in terms of the L* norm.

Theorem 2.21 (Cacciopoli inequality: L> version of reverse Poincaré inequality). If Lyu =0
such that V2¢ > 0 (as a matrix inequality), then

sup [ Vaul? < C(n, r) sup ul?, (60)

T Bar
where C'(n,r) is a dimensional constant that may also depend on r.

Proof of Theorem 2.21. By the drift Bochner formula in Lemma 2.19 and using Lyu = 0, V¢ >
0, we have

1
§E¢|Vu\2 = |V2u|% + (VLyu, Vu) + VZ¢(Vu, Vu) > |VulF.
Let  : R™ — R be the cutoff function defined in (56) with compact support in Bsg,. Using

Ly(uv) = A(uwv) — (Vo, V(uv))
(Au)v + u(Av) + 2(Vu, Vo) — (Vo, Vo)u — (Vo, Vuv
(Lyu)v + (Lyv)u + 2(Vu, Vo),

we have ! 1 1
SLolPIVul) = S(LerP)IVul? + 5 (Lo VuP)i? + (V2 V| VaP).

Then,
1 1
S Lo IVul®) = S(Len)|Vul* + [V2ulin® + 20(Vn, V|Vul?)

1
= 5 Len)[Vul* + |V2ulin® + 20V *u(Vu, Vn).
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Observe that

Vu V
20V u(Vu, V)| = Q'UV2U <|VUI’VZ|> [Vul[Vn]
< o (28 T wupiwap
V™ [V

< 0Vulf + [Vul? Vil
Combining the last two displays, we get
1 1
3 Lo([Vul?) = 5 (Len®)[Vul® — [Vul* [V,

Let w = $n?|Vu|? + Cu?, where C' = } maxg,, |3(Lsn*) — [Vn|?| is a constant depending on
n and r. Then

1
Low > S(Lon”)|Vul? = [Vul’[Va? + CLyu
1
= (Lo )IVul® = [VuP Vi + 2C(ulyu + | Vul?)
1
= 5(Len®)|Vul? = |Vul|Vnf* + 20| Vuf?
= 0.

Since Lg is an elliptic operator (cf. equation (46)), by the maximum principle, w must achieve
its maximum at 0Bs,. Thus

max w = maxw = C maxu? < C maxu?,

BQT 8B2r 8B2T BZ'r
where the second equality is due to 7 = 0 on dBs,.. Now using the cutoff property of 1 on
Bs,., we deduce that
max |Vu|*> < maxw < C maxu?.
B, Bo, Ba,

If we look for positive harmonic functions, then better gradient estimate than Theorem 2.21
can be obtained.

Theorem 2.22 (Gradient estimate for positive harmonic functions). If u > 0 on By, C R™ and
Au = 0, then
v C
sup [Vl < ﬂ, (61)
B, u T
where C(n) is a dimensional constant.

On one hand, Theorem 2.22 gives an (ellitpic) Harnack inequality for positive harmonic
functions on Bsy,.

Corollary 2.23 (Harnack inequality). If u > 0 on By, C R™ and Au = 0, then

e

e 20 < u(y; <Y, Va,yeB,. (62)

(z
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Proof of Corollary 2.23. Let v = logu and

=0 y_xS xT).
F(s) = (= s+ )

Then f(0) = v(z) = logu(x), f(ly — x|) = log u(y), and

F(s) = <vv(ﬁs + 1), ﬁ>

By the Cauchy-Schwarz inequality and Theorem 2.22, we get

Pl <[V, P20 <

S
ly — x| ly — x| r

where C' := C(n) is a dimensional constant. Then the fundamental theorem of calculus yields

ly—z| C
[f(ly = z]) = f(0)] </0 |'(s)lds < —ly —al,
which implies for all z,y € B,

(y)

X

log “
u

This proves the Harnack inequality (62). |

On the other hand, if u > 0 is an entire harmonic function (i.e., Au =0 on R"), then u is
very rigid — in fact it has to be constant on R".

Corollary 2.24 (Liouville theorem). If w > 0 on R™ such that Au = 0, then u is constant.
Proof of Corollary 2.24. Put v =logu. From Theorem 2.22, we have

apivil <

T

for any r > 0. Letting » — oo, we see that Vv = 0 everywhere, i.e., u is constant. |

Proof of Theorem 2.22. Let v = logu. We may assume that v is not constant for otherwise
the proof is trivial. Note that

Vv:@ and Av =

Au_ Vil _[Vuf _
U U w2 2

5 —| V]2

By the Bochner formula in Lemma 2.18 and the matrix trace inequality in Lemma 2.25,

1

5A|vu|2 = |V20|% + (VAu, Vo) = |VZ0|% — (V|Vo]?, Vo)

| Av)?
n

WV

— (VIVu], Vo)

4
- 'Vn“‘ (V| VoP, Vo).
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Let n > 0 be a cutoff function defined in (56) with compact support in Bsg,. Then,
AP Vo) = P AV + [VoPAn? + 2(Vi?, VIVol?)
[Volt
n

> 203 (V|Vo|?, Vo) + |Vo|2An? + 2(Vn?, VIVul?).

Note that n?|Vv|? vanishes on the boundary 9By, (because u is not constant), its maximum
must be achieved in the interior of By, i.e., n%|Vv|? > 0 at the maximum. Thus, at the
maximum, we have 1 > 0, V(n?|Vv|?) = 0, and

9 2
0> A(?|Vo[?) > %|Vv|4 — (V| V|2, Vo) + [Vo2An? + 45(Vn, V|Vo|2).

Since V(7%|Vv|?) = 0 implies n?°V|Vv|? = —21nVn|Vv|? at the maximum, the last display
becomes

2 2
0> AGP Vo) > =5 Vol 4 4n|Vol* (Vn, Vo) + Vol An® - 8TV

Dividing |Vv|? on both sides and noting that An? = div(2nVn) = 2|Vn|? + 2nAn = 2|Vn|?
because 7 is a piecewise linear cutoff function, we get

) 2
0o > %]Vvlz + 4n(Vn, Vv) + An? — 8]V77\2

2n?
> = Vol = 4n| V|| Vo] + An? — 8|V
2n?
= = Vol* = [Vl [ Vo] - 6]V,
With a = n|Vv|, we can write the last inequality as
2
0> gGQ — 4|Vn|a — 6|Vn[2

Solving this quadratic inequality for a and , we get

2 —1 2
akc‘vn’ +7_l2 |V

at the maximum of n|Vv| on By,
n

where ¢ is a universal constant. Then we obtain that

\Y C
supM = sup |Vv| < supn|Vo| < C(n)|Vn| < (n)
Br U B'r‘ B2’l‘ r
[
Lemma 2.25 (Matrix trace inequality). Let A be an n x n matrix. Then,
tr?(A
A > A (63)
Proof of Lemma 2.25. Inequality (63) follows from
tr(A) = tr(Al,) < \/tr(ATA)\/tr(I2) = /n|A|F,
where we used the Cauchy-Schwarz inequality. |
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2.6.4 Harnack inequalities

In this section, we derive gradient estimates for the heat equation. The following (parabolic)
Harnack inequality allows one to compare the heat equation solution at two different time
slices.

Theorem 2.26 (Harnack inequality for heat equation). Suppose u(x,t) > 0 solves the heat
equation (0 — A)u = 0 on R™ x R. For (x1,t1) and (z2,t2) such that to > ¢; > 0, we have

3] n/2 |29 — 212
u(z2,t2) > u(z1,t1) . exp | ——— | . (64)

2 Aty — t1)

A key ingredient in proving the Harnack inequality in Theorem 2.26 is the following
differential Harnack inequality.

Theorem 2.27 (Differential Harnack inequality for heat equation). Suppose u : R" x[0,7] — R
satisfying u(z,t) > 0 and (0 — A)u = 0 on R"™ x [0,7]. Then we have

Vul?
Vel

Remark 2.28. The differential Harnack inequality (65) is a sharp global gradient estimate
for the heat equation solution. Consider the fundamental solution of the heat equation on
R™ x R, which is given by

Ut n
- —(z,t) € —. 65
L) < (65)

u

u(x,t) = (4rt) ™% exp <—|i|f) .

Then
n |z[?
= 1 = ——log(4mnt) — —
v ogu 5 og(4nt) a
no |z x o |zl
= ——+—, |Vul=—, |Vv|*="-"—%.
v o T V=g V=0
So we have | |2 | |2 | ‘2
Vu Uy 9 T n x n
i e 7 R TR TR T
|
Proof of Theorem 2.26. Let v =logu and
T —T
f(s) =v(xa+ ! 2$,t2—s).
ty — 1
Then f(0) = v(z2,t2), f(t2 — t1) = v(z1,t1), and
f'(s) = <Vv(x2 Tt sz,tQ —s), o x2> — ve(x2 + o x2s,t2 —s).
tg—tl tQ—tl t2_t1
Using the absorbing inequality 2ab < €2 + e~ 1b? with € = 2,a = Vv, b = ‘ﬁ;:ff', we get
f'(s) < |V0|L1 —mf _ v < | Vol + Joy =@
X t2— t X 4(t2—t1)2 t-
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Applying the differential Harnack inequality in Theorem 2.27 at the spacetime point (zo +

1 —To
S, by — s), we have

Ve N 1

Vol? — — .
Vo™ = v u2 u 2ty —s

Combining the last two displays, we have

|$1 —:L'2|2 1

/ n
< —= .
f(S) = 4(t2—t1)2 2t2—8

Now using the fundamental theorem of calculus, we get
to—1t1
fa=t)-f0) = [ fas
0
et My —292 n 1 |z1 — 22> n to
< — ds = —-—"F— 4+ =1 = 1.
/0 |:4(t2—t1)2 + 2t2—8:| 5 4(t2—t1) + 2 8 <t1>
log| ———= | <lo = Jexp| —]],
& (u((lig,tg) & tl P 4(t2 — tl)
which is the same as

u(x, t2) > (tl) exp <_’331—$2|2> Vig >t >0

This means that

u(l‘l,tl) - tQ 4(t2 — tl)
|
Proof of Theorem 2.27. Let v = logu. Note that
A 2
Vv:@, Av="20 |Vz;| , vt:ﬂ,
U u u u
so that A ) )
(0 —ap=te 2 Vb VP gy,
u u u U
Define 5
Fla,t) =t ‘Wﬂ (2,8) — Lz, t)| = t]|Vo]? — v] = —t|Vo|*
U u

We claim that: 7 5

(@—MF<?+2WRVW—EF? (66)

Given the claim, our goal is to show F' < n/2. Assume that F' achieves its maximum on
R™ x [0,7]. Without loss of generality, we may assume the maximum is positive because
F(z,0) = 0. Then at the maximum, we have

VF=0, &F>0, AF<O.

Using the claim, we have

F
0< (@ —AF <~

2
— ZF?  at the maximum.
nt
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This gives F' < n/2. It remains to prove the claim (66). Using the chain rule and the Bochner
formula in Lemma 2.18, we compute

1 1
i(ﬁt —A)|Vo]? = (Vu,Vu) — §A|Vv\2
= (Vu,Vu) — |[V?0|% — (VAv, Vo)
= —|V%0|% + (V(d; — A)v, Vv)
= —|V%|% + (V|Vu|%, Vo)
and
(6t — A)’Ut = (((‘)t — A)’U)t = (\VUIZ)t = Q(Vv, V’Ut>.

Then we have

Oy —AVF = (|Vv]?> —v) + (0 — A)(|Vo|? — v)

F

= -+t [—2|V0|F + 2(V|Vv]?, Vo) — 2(Vv, Voy)]
F

= St [—| V205 + (V(V]* = vp), V)]
F F

= T2 [—IV%I% (VT vw}
F 2,12

=~ = 2V} + 2V, Vv).

Now using the matrix trace inequality in Lemma 2.25, we have

2
V2|2 > M = 1 F = F72
L n t nt?’

where the second equality follows from Av = dyv — |Vv|?> = —F/t. Combining the last two
displays, we get
F  2F?

—A)F <= — = 4 2(VF, Vo).
(0 — A) T~ TAVEVY)

This proves the claim (66). |

3 Continuity equation
Let Q C R™ be a spatial domain. Consider the continuity equation (CE):
8t,u,t + div(utvt) =0, (67)

where 1 is a probability measure (typically absolutely continuous with a density) on €2,
vyt 2 — R is a velocity vector field on €2, and V - v is the divergence of a vector field v.
There are several meanings of solving the continuity equation (67). Given the vector field
v, we can speak of a classical (or strong) solution as a partial differential equation (PDE)
by thinking p;(x) as a differentiable function of two variables z and t. We can also think of
a distributional solution by integrating against some “nice” class of test functions on (z,t). If
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the continuity equation (67) is satisfied, then, for any finite time point 7" > 0, we can integrate
with a C! function 1 :  x [0, T] — R with bounded support and apply integration-by-parts:

0 = /OT/Qi/fatMt-i-/OT/QlﬁdiV(ﬂtVt) (68)
- -/ ' [ @ | ' [ 70w (69)

where there is no contribution from the boundary because 1 has compact support so that the
divergence theorem works. Here we implicitly assumed that the first law of thermodynamics
holds (i.e., mass conservation of ;) so that there is no mass escapes at the boundary (if
is bounded) or near the infinity (if 2 is not bounded). Compared with the strong solution,
the distribution solution (69) does not require differentiability by moving the derivative from
() to ¥(a,1).

Suppose further we can interchange d; and [, in the first integral of (68) and we keep the
second integral in (69), then we can take a smaller class of test functions only in the spatial
domain €2 such that the solution space is larger. Why shouldn’t we interchange 0; and fQ in
the first integral of (69)7 This is because if we take test functions depending only on €2, then
it does not make sense to take the time derivative as in (69), which always equals to zero.

Let ¢ : © — R be such C' test function with bounded support. To make sense of
differentiation outside of integration, we obviously need ¢ +— fQ ouy is absolutely continuous
in ¢t. In addition, we need the identity

d
G | om= [ (o =0 (70)

to hold pointwise (in ¢) such that (69) equals to zero. This motivates the following definition.

Definition 3.1 (Weak solution of the continuity equation). We say that the density p; is a
weak solution in the distribution sense if for any C! test function ¢ : Q — R with bounded
support, the function ¢ — fQ ¢uy is absolutely continuous in ¢, and for each a.e. t, we have

% /Q ity = /Q (Vé, Vi (71)

In these notes, we make (more) sense of dynamic behaviors of the continuity equation,
and illustration its links to the classical PDEs, probabilities (such as Markov processes and
stochastic differential equations), and the trajectory analysis (such as gradient flows). Specif-
ically, we would like to understand the question that how does the weak solution of the
continuity equation in an infinite-dimensional metric space (typically Wasserstein) connect
with the classical solution of PDEs in a finite-dimensional space (typically Euclidean space
and time)? We start from the (linear) heat equation as a concrete example.

3.1 Metric derivative in Wasserstein space

Let p > 1 and P,(R™) be the collection of probability measures on R™ such that the p-
Wasserstein distance is well-defined, i.e.,

Pp(R") = {u e P(R"): /n |z — zo[Pp(dx) < oo for some xp € R”}, (72)
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where P(R™) contains all probability measures on R". Let W), be the p-Wasserstein distance

W2(u,v) = min { / |z — y[Py(dz,dy) : v € F}, (73)

where T is the set of all couplings with marginal distributions p and v, ie., [~(-,dy) = pu(*)
and [~(dz,-) =v(-) for y € T.
Remark 3.2. The space (Pp(R™), W),) is a metric space. |

Definition 3.3 (Absolutely continuous curve). A curve w : [0,1] — X, where (X, d) is a metric
space is absolutely continuous if there exists a g € L'([0,1]) such that for any tq < t1,

d(w(te), w(ty)) < / " g(r)dr (74)

to
Such curves are denoted by AC(X).

Definition 3.4 (Metric derivative). Let (u:)i>0 be an absolutely continuous curve in the
Wasserstein (metric) space (P,(R™), W)). The metric derivative at time t of the curve ¢t — i
w.r.t. W), is defined as

- Woplptttn, )
Ip(t) = lim —t s
lp(t) = lim ] (75)
We write |i/|(t) = |1/ |2(¢).

Remark 3.5 (Absolute continuous curves can be reparameterized to be 1-Lipschitz continuous).
For any w € AC(X), it can be reparameterized in time to become Lipschitz continuous. Let
G(t) = fg g(17)dr and S(t) = et + G(t) for 0 < € < 1. It is easy to see that S(t) is continuous
and strictly increasing in t € [0, L]. Define &(t) = w(S~!(t)) for t € [0,L]. Then for any
0 <ty <ty <L, we have

d@(t1),0(t2)) = dw(S™ (1)), w(S (t2)))

S_l(tg)
< / g(r)dr = G(S™ V() — G(S~ (1))
S

—1(t1)
= S(87(ty)) —eS7H(ta) — S(STL(t1)) + ST (1)
= |ta—t1] —e(S7 (t2) — ST (1)) < |t2 — tal-

Thus @ is a 1-Lipschitz function in [0, L]. Now let ¢ | 0, we see that each w € AC(X) can be
reparameterized to be 1-Lipschitz continuous. |

Theorem 3.6 (Rademacher). If w : [0,1] — X is Lipschitz continuous, then the metric deriva-
tive |w'|(t) exists for almost everywhere t € [0, 1]. In addition, for any 0 < ¢t < s < 1, we have

d(w(t), w(s)) < /t 1| (r) dr. (76)

3.2 Heat equation revisited

Recall that the heat equation on R"™ is defined as:

(0r — A)u = dpu — div(Vu) =0, (77)
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where u : R" x Ry — R and u(z,t) is a two-variable function of space and time. The
fundamental solution of the heat equation (77) is given by

u(z,t) = H(x,0,1), (78)
where H(z,y,t) is the heat kernel (sometimes also called Green’s function):

2
Hzut) = (40t)=72 oxp [ 12—
(e,y.) = (4mt) ™ exp (- S

), y €R", ¢ > 0. (79)
The classical solution w is just a (positive) function of two variables z and ¢. One can think
of H(x,y,t) is the transition density from z to y in time 2.
Let Q = R™ and py(z) = u(z,t). Clearly u; > 0 is the probability density of a Gaussian
distribution N(y, 2tI,) and the continuity equation (67) reads
Y

at,ut - le(Mti) =0. (80)
Mt

In this case, the velocity vector field is given by

vi(z) = == —(2) = ——~(z,1), (81)

where the last equality is justified by the equivalence of weak solution and the classical PDE
solution (because u(-,-) is Lipschitz continuous and v¢(-) is Lipschitz). Since

—yl? I
Vu = (47t) "2 exp ( - w> ( - %) = —u(ﬁ)w = —uvy(z), (82)
the velocity vector field v; : R® — R is a linear map that can be represented by an n x n

matrix:
I

2t

Thus in the heat equation, the velocity vector field v; = (2¢)~!I,, does not depend on the
location x (i.e., location-free) and it dies off as ¢ — oco. The vanishing velocity means that the
particles moving according to the heat equation will eventually converge to an equilibrium
distribution given by a harmonic function Au = 0. If the boundary value is imposed (either
Dirichlet problem or Neumann problem) or the heat growth at infinity is not too fast, then
the solution of the harmonic function is unique.

We can compute the metric derivative of the fundamental solution curve of the heat
equation. Note that u, is the Gaussian density N(y,2t1,) for each t > 0.

Vi (83)

Lemma 3.7 (Wasserstein distance between two Gaussians, cf. Remark 2.31 in [11]). Let
p1 = N(mq,%1) and ps = N(meg,¥2). Then the optimal transport map (i.e., the Monge
map) from pq to pg is given by

T(x) =mg+ Alx —my), (84)
where

A =37 , (85)
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and the squared 2-Wasserstein distance between p and po equals to
W3, ) = Ima = mal? + tr { Ty + 3 — 25y ° 3w/ 12, (6)

where the last term is the Bures distance on positive-semidefinite matrices. In particular, if

2122 = 2221, then

1/2 1/2
W3 (1, pa) = [my —ma|® +[5)/* = 32 2. (87)

In the Gaussian case, we have
W2 (pegn, pie) = |2t + h) I, — V2L, |% = 2n(vVt + h — V)2, (88)

which gives a formulas for |/|(¢) :

Vit+h—t 1 n

1(t) = 1i 2’7’: 2n ——= =/ . 89
41(6) = lim V2| Vans =/ (59)

On the other hand, recalling (83), we get

1 tr(2tl,) n
2 . 2 _ 2 _ n) _
Vil = [ et o) = 5 [ loPpute) = 25 = 20 o0)
This implies that
n

1) = vl 2y = 4/ o (91)

Equivalence in (91) is a much more general fact.

Theorem 3.8 (Equivalence between metric derivative and velocity vector field). Let p > 1 and
Q) C R™ is compact.

Part 1. If (pe)efo,) is an AC curve in W) (€2), then for any ¢ € [0,1] a.e., there is a velocity
vector field vy € LP(us; ) such that:

1. p is a weak solution of the continuity equation dyuy + div(uyvy) = 0 in the sense of
distribution;

2. for a.e. t, we have ||[v¢l|1p(u,) < [1/]p(t), where ||Vl zo() = (g [ve|P dpag ) /P

Part 2. Conversely, if (1), are measures in P, () and v € LP(uy; Q) for each ¢ such that
fol [ Vel Lo (u)dt < 00 solve the continuity equation Oypuy + div(peve) = 0, then

L. (u1t)sepo,1) is an AC curve in Wp();
2. for a.e. t, we have |p'|,(t) < |[Vellr(u,)-

Corollary 3.9. Let p > 1. If (pu¢)epo,1) is an AC curve in W), then the velocity vector field
given in part 1 of Theorem 3.8 must satisfy

W 1p(t) = [1Vell o) - (92)
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Corollary 3.9 is an immediate consequence by applying Theorem 3.8. Alternatively we
also provide below a simple and direct heuristic optimal transport argument for Corollary 3.9.
Since (Mt)te[o,l] is AC curve in W, there is an optimal transport map 7" : 2 — 2, moving
mass from py to pyp that minimizes the cost functional

/ o —ylPdy  subject to 7(-dy) = (), y(des ) = pesn(-):

This implies that

W o) = [ o= TP dunte) = [ 17 = id)@)P dyu(o),
where T — id is the displacement map. Then the discretized velocity of mass movement at

location x and time t is given by

T(z) —z

vi(z) = -

Combining the last displays, we get

Vel = [ TP dis(o) = | ‘

Letting h — 0, we have

Wp(:u y h)
t(l') =L |}tl|p L

. Wi, pesn)
lW'|(t) = }llﬂ)pT = Vel (ue)-

Moreover, the above argument suggests consider the following dynamics for the particle
(or mass) trajectory in R™ (i.e., the Lagrangian coordinates to “follow” the particle along the
flow):

{ yg(t) = vi(y(1)), (93)
Y2(0) = =,

where y,(t) is the time ¢ position of the particle initially at y,(0) = z, i.e., it is the trajectory
of the particle starting from z. For the heat equation, (93) reads:

Yo (t) = (20 ya(t) (94)

with the initial datum y,(0) = x. This is a first-order linear (homogeneous) ordinary differ-
ential equation with initial value problem.

Let p; be the evolution of the induced probability distributions of the mass by the trajec-
tory dynamics (93). We need to check that (v, u¢) solves the continuity equation (67) in the
weak sense (cf. Definition 3.1).

Let Y; : © — Q be the flow of the vector field v; on Q defined through Y;(z) = y.(t)
n (93). Note that Y; is indeed a flow on 2 since Yp(z) = y.(0) = z and Yi(Ys(z)) =
Yi(yz(5)) = Yyo(s)(t) = ya(s + 1) = Yspu(w) for any s, > 0, so that Y; on Q is a group action
of additive group on R4 = [0, 00).

Let py = (Y3)gp0 be the pushforward measure of g by Y3, i.e., for any B C Q measurable,

p1e(B) == ((Y2)z40)(B) = po(Y; 1(B)),
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or equivalently, for any measurable function ¢ on €2, the change of variables formula holds:

[ oaumn = [ 0¥ d

Then (pu, v¢) is a weak solution of the continuity equation dyp; +div(pyve) = 0 in (67) because
for any C! test function ¢ : Q — R with bounded support,

G [odm = 5 [oatigm =5 [@ovidu= 3 [ o) dul
= [ (V000,020 duo(@) = [ (V9w (0).¥1(02(0)) dpo(z)
- / (VoY) ve(Ya)) dpuo = / (V6,v1) d(Yi)gpto = / (Vé,ve) .

3.3 Wasserstein gradient flow

We have seen from Section 2.1 that the heat equation is the (negative) gradient flow of moving
particles in R™. In this section, we show that the heat equation can also viewed as a gradient
flow of the entropy in the Wasserstein space of probability measures. To do this, we need first
to make sense what do we mean by a “derivative” of the entropy (or more general functionals)
in terms of a density in the infinite-dimensional Wasserstein (or metric) space.

3.3.1 First variation

Definition 3.10 (First variation, Chapter 7 in [12]). Let p be a density on 2. Given a functional
F:P(Q) = R, we call %(p) : P(Q) — R, if it exists, the unique (up to additive constants)
measurable function such that

Flp+ ) = lim [F2E0 2 1) ‘?Z(p)dx (95)

dh lh=0 - 1£1—>o h

holds for every mean-zero perturbation density x such that p+hx € P () for all small enough
h. The function %—5(,0) : Q — R is the first variation of F at p.

In R”™, the first variation behaves like the directional derivatives projected to all possible
directions x € R". For example, take F'(z) = 3|z|? for € R". Then VF(z) = x and for any
y € R,
24yl — 2]

|
hl—% 2h

. h

| = lim (2,9} + 31y = (2,9) = (VF (@), ). (96)
—0 2

Comparing (95) with (96), we may interpret

(;I;(p) dy = <((55];(p),x> (97)

as an inner product in a Hilbert space. Thus first variation is an infinite-dimensional analog
of the gradient in the finite-dimensional Euclidean space. Thus ‘;—l;(p) can be viewed as a
gradient in P(2).

Note that first variation is defined only up to additive constants since [cdx = 0 for any
constant ¢ € R. Below are two important functionals that will be extremely useful in studying

heat equation, or more generally the Fokker-Planck equation in Section ?77?.
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Ezample 3.11 (“Generalized” entropy). Let f : R — R be a convex superlinear function and

o= [ spa)ds= [ 1op (98)

Clearly
Flp+ hx / f(p(z) + hx(z 32; f(p(x))x(x) d
Letting h — 0, we get
S Ferm = [ o= [ e (99)
which implies that -
o) = 1) (100)

For the special case where f(p) = plog p is the entropy, it first variation at p is given by

SF
(o) =1+1logp. 101
5p(p) +log p (101)

Ezample 3.12 (Potential). Let V : Q@ — R be a potential function and the energy functional

F(p) = /Vdp: /V(a:),o(ac) dx. (102)
Compute
F(p+h>}<L) —Flp) _ /V(x)p(w) +hx}§fc) — 1) 4. /V(x)x(x) do — /de‘
Thus we see that SF
5 p( p)=V (103)

is a constant function that does not depend on p.

Intuitively, the first variation of a functional F' (either entropy or energy) at p is the rate of
change in distribution for moving the particles on €2 from p that minimizes the entropy/energy.

3.3.2 Minimizing movement scheme

Given a functional F': P(Q2) — R, the minimizing movement scheme introduced by Jordan-
Kinderlehrer-Otto [6] (sometimes also called the JKO scheme) is a time-discretized version
of gradient flows that solves a sequence of iterated minimization problems (in the context of

(P(2), W2)):

. W3 (p, pit)
Pli1 = argmin,ep (o) Fp) + % (104)
By strong duality,
W3 (p, pi)) = max / sodp+/ ¢ dpf, (105)
peD:(Q) J Q
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where ¢°(y) = infzeaf{|z — y|> — p(z)} is the c-transform!. The functions ¢ realizing the

maximum on the right hand side of (105) is called the Kantorovich potentials for the transport
from p to pZ. For each PZ» W2(p, pZ) is convex in p since it is a supremum of linear functionals
in p.

Now differentiating (104) w.r.t. p, the first-order optimality condition is implied by

OF
5 — (1) + % = constant, (106)

where p now is the Kantorovich potential for the transport from pz 41 to pz (not in the reversed
direction). Here we implicitly assumed the uniqueness of c-concave Kantorovich potential.

From Brenier’s polarization theorem, we know that optimal map T from peap and py to
and ¢ : 2 — R are linked through

T(z) =z — Vo(z). (107)

So the velocity vector from time ¢ + h to t (note the reverse direction!) is given by

_ T(x)-= V(x) OF
Vo= = =V (o) ) @) (108)
Reverting the time direction (v; = —v;) and letting h — 0 (using the continuity of p), we get

oF

vi(x) = _v<5p

and we get the following continuity equation

(n)) @) (109)

oF
Op — dlv(pV( (p)>> =0 (110)
dp
in the Wasserstein space of measures.
If we choose the entropy functional F(p) = [ f(p(z))dz with f(p) = plog p, then
5F SF Vp
2 (p)=1+1logp, and v( ) — Vlogp, 111
(0 () =~ (1)
so that the continuity equation in (110) reads
Op — div(p Vlogp) = 0. (112)

Now recall that we can rewrite the heat equation as:
0= (0 — A)u = 0w — dlv(u%) Oru — div(uV logu), (113)

where we can think of p; = u(-,t) and v; = Vlogu in the continuity equation (67). Thus
we see that (112) and (113) are really the same continuity equation associated with the heat
equation. However, they are viewed as different gradient flows in the spaces (P2(Q2), W) and
), respectively. In either case, we call it the heat flow.

Here ¢ stands for a general cost function and the c-transform in general is defined as ¢°(y) = infzen{c(z, y)—
o(z)}. A function ¢ is said to be c-concave if there exists a x such that ¢ = x® and ®.(Q) is the set of all
c-concave functions.
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3.4 Fokker-Planck equation

The Fokker-Planck equation is a diffusion with a drift term, i.e., it is a diffusive PDE with
the drift Laplacian. As in the heat equation, we can take two alternative perspectives on the
continuity equation structure and the gradient flow in the spaces (P2(Q2), W2) and (.

First, if we choose the functional

F(o) = [ f(pla) ot [V@)dota) = [ fop+ [V, (114)
where f(p) = plogp is the entropy and V' : Q — R is a potential (independent of p), then the
first variation of F' at p is given by

OF
%(p):l—i-logp—kv. (115)

Thus,

oF Vp
v(g(p)) = Viogp+VV ==L +VV. (116)

and the continuity equation for this entropy+potential functional F' (note that F' is convex
in p) becomes

Ozatp—div<p (if#vv)) — Oy — Ap — div(pVV), (117)

or alternatively, we may write
Op=Ap—(Vp,VV) — pAV, (118)
which is the Fokker-Planck equation (FPE). Hence with the drift Laplacian operator Ly
Lvp=Ap+ (Vp,VV) = e div(e V' Vp), (119)
the Fokker-Planck equation (118) is nothing but the drift heat equation:
Oip — Lyp — pAV =0, (120)

which describes the time evolution of density of particles under the influence of drag forces
and random forces (such as in Brownian motion or heat diffusion in the pure diffusion case.)

Note that the special case when V(z) = £|z|%, then VV = £ AV = 2 and the drift heat
equation (120) is the Mehler flow:

(8t — LM)’LL = 0,

where Lj; is the Mehler operator defined as

Recall we have seen from Section 2.5.2 that

d

SE(F) = ~2{fu Larf)u = ~28(f). (121)
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2
where (f, g)m fR" I4| dx defines an inner product, we see that Ljs is the twice
negative gradient flow of the Mehler energy (52) in R™. Note that (121) implies that the
exponential rate of convergence for the Mehler flow (i.e., the Fokker-Planck equation with
V(z) = 1|z[%) in the Euclidean space R™: for t > 0,

E(f) = Eo(f)e™™. (122)

In Section ?7 below, we shall also look at the rate of convergence of the gradient flow of
the Fokker-Planck equation (in particular the Mehler flow) to v in the Wasserstein space
(Pa(R"), W).

For a general potential V', from the continuity equation (117), the velocity vector field v,

is given by
\Y
v = Pt gy (123)
Pt
Thus we can write down the gradient flow of v; as in (93). In particular, the Mehler flow

(with the potential V(z) = I|z|?) is given by

lt) == (L4 V) elt) = — (S

Pt

)ws(ty) — 2 (124)

with the initial datum y,(0) = x, which again is a first-order linear (homogeneous) ordinary
differential equation with initial value problem.

3.5 Langevin diffusion

The Fokker-Planck equation is a PDE that describes the time evolution of density of particles
of a diffusion process with a (deterministic) drift and (random) noise, which is governed
by the following stochastic differential equation (SDE) (sometimes referred as the Langevin
diffusion):

dX; = m(Xt,t) dt + U(Xt,t) dW4, (125)

where m(Xy,t) is the drift coefficient vector in R and o(X4,t) is an n x n matrix. Here (W)
is again the standard Brownian motion on R™. The SDE in (125) is understood in the integral
form:

s+t
Xiprs — Xs / m(Xy,u)du + / o(Xy,u) dW, (126)

as a sum of an Lebesgue integral and an It6 integral. In this model, both the random drift
coefficient vector m(X;,t) and the random matrix o (X, t) are path/state and time dependent.

The (standard) n-dimensional Brownian motion is the special case where m(X¢,t) = 0
and o(Xy,t) = I,. For n = 1, the density evolution equation of (125) is given by

8tp(I,t) = —Bx(m(x,t)p(x,t)) + 8§(D(x,t)p(x,t)), (127)

where D(X;,t) = o(Xy,t)?/2 is the diffusion coefficient. In Section 3.5.1, we show how to
convert the SDE of sample paths (125) (i.e., Langevin dynamics) to the evolution PDE of
densities (127) (i.e., Fokker-Planck equation). In the one-dimensional heat diffusion case
(where there is no drift m(z,t) = 0) with D(X;,t) =1 (i.e., 0(Xy,t) = v/2), the evolution of
the density p(z,t) is governed by

dup— 32p =0, (128)
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which is just the heat equation on R. Higher dimension analog dyu — Au = 0 can also be
made by noting that the density evolution equation now becomes

n 2
Pupl. 1) = ~div(m(a, o(e. ) + 3 50 (Dyla 1), (129)
ij=1 "

where D(z,t) = o(z,t)o(z,t)” /2 is the diffusion tensor.
How does the density evolution equation (129) link to the continuity equation version (117)
and (118)7 With the diffusion tensor D(x,t) = I,,, (129) reads

Op = —div(mp) + Ap. (130)
Comparing the last display with the continuity equation (117):
Op — Ap —div(pVV) =0, (131)

we see that
m=—-VV, (132)

which means that the mean drift vector m in the Fokker-Planck equation proceeds in the neg-
ative gradient direction of minimizing the potential V' (and of course subject to the diffusion
effect given by the Laplacian A). Combining this with the fact that the heat flow proceeds
in the negative gradient direction in the entropy, we see that the Fokker-Planck equation is
the negative gradient flow of the entropy+potential functional

Flp) = ﬁ: " & (133)

microscopic behavior macroscopic behavior

in the Wasserstein space (Pa(2), W2).
We remark that in the special case m(z,t) = —% (ie., V(z) = X|z[?) and D(z,t) = 1 in
the Langevin diffusion (125) is often called the Ornstein-Uhlenbeck (OU) process in R™:

X
dx, = —?’f dt + V2 dW, (134)

which is simply a mean-reverting diffusion process. The semi-group operator of the OU process

is given by
Pf(z) = Ber [f (e*fg 41— e—%g)], £>0, (135)

where 7 is again v/2-scaled standard Gaussian measure y on R”, i.e., w(x) = (47) 72 exp(—|xz|?/4).
The OU semi-group (F;):>0 admits 7 as stationary measure, where the convergence holds in
L?(7): for any bounded measurable function f : R” — R,

1P~y = Bermr | BearlF (e + VI~ e 2)] ~ Beurlf(©)]]
< Ber B [f(eS + V-2 - f(0)] (136)

= B[S+ VImeng - £ (137)

— 0, ast— oo, (138)
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where (136) follows from Jensen’s inequality, (137) from Fubini’s theorem, and (138) from the
dominated convergence theorem (since f € L?(7)). In addition, the generator A of (P;);> is

given by
d 1

which is called the Ornstein-Uhlenbeck (OU) operator (also write A = Loy). Compar-
ing (139) with the Mehler operator in (??):

Lu(p) = Lip (0) + 5o = Do+ 5 (Vp.a) + 5, (140)
which gives the forward Fokker-Planck equation (cf. Appendix ?? for more details), the
generator in (139) gives the backward Fokker-Planck equation. Integrating-by-parts w.r.t.
dz, we conclude that Ly = A*, which means that the Mehler operator (forward equation)
is the adjoint of the generator, i.e., the OU operator (backward equation); that is, we have
Ly = Ly, in L?(dz). This holds for a general potential V', not just V(z) = 4]3;\2 (Here we

need to be slightly careful on the reference measure: if we consider L?(e~ e dr) = L?(dn),
then £ ,2 = Ly in L2(dr).)
a

To summarize, given a general Fokker-Planck equation:

0 = 8tpt — Apt — diV(,Ot VV) (141)
= Ot — Lvpr — peAV, (142)

where (141) is the continuity equation version and (142) is the drifted heat equation version,
if we assume it admits a stationary distribution 7(x) = %e‘v(z) on R™ (cf. Section 7?7 ahead
for more details), then the generator A of the drift heat diffusion process (i.e., the Langevin
diffusion) is given by

A=Ly, (143)
where
v =Ly + pAV = Ap+ (Vp,VV) + AV, (144)
and the semi-group (P;)¢>0 is given by
Pif(z) = Eeor[f(e 'VV (z) + V1 —e2)], t>0. (145)

Letting ¢ — o0, we see that P, asymptotically converges to the stationary distribution «
(in L2(7)). Thus from the evolution PDE of probability density functions, we can fully
characterize the related SDEs. The reverse direction from SDEs to PDEs can be found in
Appendix 77, where we use [t6’s formula to show that a measure solution p; to the continuity
equation can be seen as the law at time ¢ of the process (X;)¢~o solution to the SDE. This
justifies the equivalence between the PDEs and the SDEs.

3.5.1 Feynman-Kac formula

In this section, we show the equivalence between the Langevin SDE and the Fokker-Planck
PDE. We begin with one-dimensional derivation n = 1. Consider the Langevin diffusion (or
sometimes called the Ité process):

dXt = m(Xt,t) dt-f-O'(Xt,t) th, (14.6)
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where (W});>0 is the standard Brownian motion in R. Let f : R — R be a twice differentiable
function. By Itd’s formula (cf. Lemma B.1), we have

df(Xy) = (mduf + %&aﬁ £)dt + o (9, f) AW,

where m := m(Xy,t) and o := o(X;,t). Taking expectation on both sides, we get

B[ 5 00)] =B [mons + gote2r] + B o) St

Since o (0, f) dclﬁ/t is a martingale, the second term on the right-hand side is zero. For small
time increment At, we can approximate the left-hand side of the last equation by

o |:f(Xt+At>_f(Xt):| _ /f plz t—i‘At) f(@)p(,1) dz

At
_ /f p(x t—l—At) p(z,t) e

— / f(@)0p(z,t) da as At — 0,
R

where p; := p(-,t) is the probability density of X;. Thus we get

1
/IRf(x)atp(:r,t) dx:/Rm(x,t)axf(x,t)p(x,t) dx—i—/R202(x,t)(9§f(a:,t)p(x,t) dz.

Now integration-by-parts (without boundary term) on the right-hand side of the last display

gives
[ 1o == [ soutump + [ 02 @a%) |

Since f is arbitrary, we must have

1
&gpt 8 (mpt) +82 ( g Pt> (147)

holds in the distribution sense. With the multivariate It6’s formula in Lemma B.1, higher-
dimensional analog of (147) is given by:

Orpr = —div(mpy) Z ax (Dijpr) (148)
’.7_ !

where m := m(Xy,t) € R" and D = (D;5)7;_ is an n x n diffusion tensor matrix defined as
D =io0(Xy,t)o(X, t)T.

Ezample 3.13. Let V : R® — R. Take m(z,t) = VV(x) be the gradient vector of V' (that is
independent of t) and o(z,t) = v/2I,. So D = I, and

X; = —VV(X,) dt + V2 dW,.
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Then the Fokker-Planck equation reads

2

. "9 .
opr = div(pVV) + Z 520 = div(p:VV') + Apy
i=1

= <V,ot, VV> + ptAV + Apt,

which recovers the Wasserstein gradient flow of the entropy-+potential functional F(p) =
[plogp+ [V dp.

In fact, we have derived the forward and backward equations for the continuous-time It6
process (146).

Theorem 3.14 (Feynman-Kac formula). Let f(x,t),t € [0,7] and (X;) be the It6 process
in (146) with m := m(x,t),0 := o(x,t). The solution of the following PDE

Oif +mouf + 50%02f =0 o
f(x,T) = () (terminal condition) (149)

is given by
fla,t) = E[(Xr)|X; = 2] = B[f(X7,T)|X; = a]. (150)

Proof of Theorem 3.14. Assume the existence of the solution f. By Ito’s formula (cf. Lemma B.1),
1
df(Xe,t) = (Opf + mOLf + 5a2a§f) dt + o (0, f) AW,

Under the PDE constraint 0; f + md, f + %a%?%f = 0, we integrate to get for T > t,

T
F(Xr,T) = f(Xp,t) = / o (00 f) AW,

Note that ftT 0(0y f) dW; is a martingale because it is an Ito6 integral of a martingale. Taking
conditional expectation given X, we have

T
Bl (X 7)) - £ 0) =B | [ o(0.pamiixi] =0,
t
Le., f(Xt,t) = E[f (X1, T)|Xt] = E[Yp(X7)|X4]. u
Now it is convenient to define a differential operator A via
Af =mo,f + %a%if. (151)

The operator (151) gives the backward equation d;f + Af = 0. The adjoint operator A* in
L?dx is determined by:

(Af,p) = (f,A*p),  Vp,[eL*(dr),
where (p, f) = [ pf. Using integration-by-parts and (151), we get

[tane = [mons+ jo%oino
= /—&(mp)f—i—@%(éa%)f =: /(A*P)ﬂ
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where 1
Ap = ~0u(mp) + 2(50%p). (152)

The adjoint operator A*p in (152) gives the forward equation:
. 1
Oupr = A'p = =0u(mp) + 05 (50°p), (153)

which describes the evolution of probability densities of the 1t6 process (146).
For a multivariate [t06 process, the forward operator is give by:

~ 9?7 (1
*p = —di —( Zo0o” 154
A*p iv(mp) +Z~JZ~:1 9007, (200 p> (154)
and the backward operator is given by:
1
Af = m 1)+ (o0 21 ), (155)

where f,p: R" — R.

3.5.2 (Generator and semi-group

Recall that the fundamental solution of the heat equation (0; — A)u = 0 on R" is the heat

kernel: )
lz -yl

4t

Let f: R™ — R be a measurable function and define

H(z,y,t) = (4t) ™2 exp (— > ey eR 150

Pif(z) = - f(z)H(x,z,t)dz, zeR" t>0. (156)

Then one can check that:
1. Pt+5f = Pt(Psf) = PS(Ptf) for all t,S = O,
2. limy o P.f(x) = f(x), i.e., the reproducing property.

These two properties means that (P;);>o forms a continuous semi-group of linear operators
on L?(m), where m(x) = (47)~"/? exp(—|z|?/4) is the standard Gaussian on R™. The linear
operators defined in (156) is called the heat semi-group.

Definition 3.15 (Markov process). A continuous-time stochastic process (X¢)i=0 on R™ is said
to be a (homogeneous) Markov process if there exists a semi-group of linear operators (P;)>0
satisfying property 1 and 2, and

Elf (Xeys)| Xr,r < t] = (Psf)(Xy) almost everywhere, (157)

for all bounded measurable function f : R™ — R and all s,¢ > 0.
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In Definition 3.15, the semi-group (Ps) specifies the dynamics of (X;) and it does not
depend on ¢. An important function class in testing the Markov property is the indicator
functions f(z) = 1(x < y). In such as, the Markov property reads

P(Xiis S ylXop,r < t) = (Psf)(Xy). (158)

Definition 3.16 (Generator of Markov process). Let (X;);>0 be a continuous-time Markov
process with the semi-group (P;). The generator of (X;) is defined as

d
Af = = . Pf. (159)

Theorem 3.17 (Generator of Brownian motion). The Laplacian A is the generator of the
standard Brownian motion.

Proof of Theorem 3.17. |

Theorem 3.18 (Semi-group and generator of Ornstein-Uhlenbeck process). Let (X¢)i=0 be the
Ornstein-Uhlenbeck (OU) process:

X
dXx, = —7'5 dt + V2 dW,.

The semi-group of the OU process is given by:

Pif(zx) = Beor[f(e 22 + V1 —e7te)] >0, (160)
where 7(z) = (47)""/? exp(—|z|?/4) is the stationary measure of (X;) in the sense that

P,f — nnf in L?(7). Moreover, the generator A of (X;) is given by:
Af = —(V£.5)+Af (161)

is the drift Laplacian with the potential ¢(x) = |z|?/4.

Remark 3.19. From Theorem 3.18, we see that the backward operator in (155) is the same as
the generator, both equal to the drift Laplacian for the OU process. |

Proof of Theorem 3.18. Obviously lim;o P, f(x) = f(z). For f € L*(r), observe that

IPf = f ey = Exer [Bearlf(e 72X + /1= )]

2
< Boxan Beur [[(C 22X + V1= e tg)|
—— \ ,
—0 —1

— 0 as t — o0,

where the second inequality is due to Cauchy-Schwarz and the third step is due to the domi-
nated convergence theorem and Fubini’s theorem. Thus P, f — 7f in L?(7) in the long-time
dynamics.
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Now using the chain rule, we compute

d _ x et
I [ s v erat]

—t/2

_ ¢ - Eeon [(Vf(e_t/2$+ V1 —ete), w)]
(72 4 ﬁ@y §>} :

—t
*avim et B (9
Note that V7 (§) = —%77(3;) and
dive (m(EVS (e z+V1=e)) = (Vn(&), V(e a+ V1 - )
+1(E)Af(e7 2z + /1 —e7te)\/1 — et

So we have

;/n (ENE, V(e o+ /1 — e 1)) d¢ = (g)Af(e—t/2$+ VI e te)/1—etde,

ie.,

1

ing[(fo t/2x+\/m§} \/1—7etIB§N7T[Af t/2x+\/1—7€—tf]

which is sometimes referred as Stein’s identity or the Gaussian integration-by-parts. Now,
combining all pieces, we see that

_/2
%Ptf(x) - E¢r [(Vf(e_t/2x+ V1—e ),z ] + e " Eeon [Af 25 4 /1 — et€) ]

S %ng [(v Fle 2z 4+ /1= e te), ] + Beor [ ez + /1 — e te) ]
_ % <vx Fer [f(e—t/% + mg)} , x> + A, Ber [f(e—t/%: + \/@@}

Filling the definition (160) of P, f into the last expression, we get

d 1
B (@) = =5 (VAS(x), 2) + AP f(2).

Since P;f — f ast | 0, we have

d 1
| P =5 (V@) 0+ Af(@)
t=0
which gives the generator (161) of the OU process. |
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3.6 Rate of convergence

If Z = fR" e V(@) dz < 0o, then the Fokker-Planck equation has a stationary distribution on
R"™:
m(z) = —e V@), (162)

where 0 < Z < oo is a normalization constant. To see this, recall that F(p) = f plog ,0+f Vdp
and %(W) =logm + V. Since Vr = Z7le™V(-VV) = —7VV,

wv<5£(w)) VT LAYV = Va4 2V = 0. (163)
op T
Then,
. oF
Oy = dlv(ﬁV(E(w))> =0, (164)

which implies that 7 is a stationary point of the Fokker-Planck continuity equation. In this
case, the gradient flow of the functional F' can be viewed as the gradient flow of the relative
entropy between p and 7 (cf. (168) in Definition 3.20 below):

F(p)+logZ = /p{log <6*LV) + log Z] = /plog (%) = H(p||m) (165)
so that

) = e ) - S (166)

Now suppose the Fokker-Planck equation admits a stationary distribution. Given an
initial distribution pg, we would like to ask how fast does the Wasserstein gradient flow
(pt)t>0 converge to the stationary distribution 77 In a nutshell, the answer is given by the
following statement.

If the stationary measure 7 satisfies a logarithmic Sobolev inequality (LSI), then p;
converges to m exponentially fast in time ¢ (under numerous distance or divergence
measures).

Suppose 7 is probability measure (i.e., 0 < Z < o0). Since the convergence quantities
involved depend only on the (first and second) derivatives of the density m, without loss of
generality, we may assume Z = 1 and

T=¢e". (167)

Definition 3.20 (Relative entropy and relative Fisher information). Let p, ¢ be two probability
measures on R” such that ¢ < p. Then the relative entropy (or Kullback-Leibler divergence)
between p and ¢ is defined as

H(pllq) = /log <j§> dp. (168)

In particular, if dz < p and dr < ¢, then
p
H(pllg) = /plog (q) da. (169)
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Let 7, u be two probability measures on R” such that 7 < p and j—ﬁ = p, then the relative
Fisher information between pu and m is defined as

\V4 2
() = / Vel 4 (170)
p
We state a powerful information inequality that implies the LSI.
Theorem 3.21 (HWI+4+ inequality [5]). Let (R",|-|, ) be a probability space such that
dr(z) = eV @ dz, (171)

where V : R" — [0,00) is a C°°(R") function such that Hess(V') > kI, for some parameter
k € R. Then for any pg, 11 € P2(R™) such that H(ugl|m) < oo,

H (p|[m) = H(po|[) < Wa(po, pn) /I (i [[m) = S W3 110, ). (172)

Theorem 3.21 implies several classical functional and information inequalities.

Corollary 3.22. In the setting of Theorem 3.21 and assume further = € Py(R"™), then we have

1. HWI inequality (Theorem 3 in [10]): for any v € Pa(R"™),
H(vl|w) < Walv.m)v/T(v]fm) = 5W3 (v ). (173)
2. Talagrand’s Ty-inequality: for any v € P2(R™) with finite second moment,
SWav,m) < H(v). (174)
3. Logarithmic Sobolev inequality: if k > 0, then for any v € P(R"),
H(v|m) < 5 T(v]m). (175)

Combining (174) and (175), we have that if x > 0, then

I
Wy (v, m) < M, Vr L v (176)
K

In Appendix C.1 and C.2, we discuss more details of the LSIs and Talagrand’s transportation
inequalities.

Proof of Corollary 3.22. Corollary 3.22 follows from Theorem 3.21 with specific choices.
1. Take pp =7 and 3 = v.
2. Take pop = v and p; = 7.

3. Take pp = m and p; = v to get the HWI inequality in part 1, and then maximize its
right-hand side —%z? + \/I(v|[7)z, where the maximizer occurs at z* = /T(v[r).
Then a standard approximation argument is sufficient.
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There are various ways of measuring the gap between the gradient flow (p;)i>0 as a so-
lution of the Fokker-Planck equation and the stationary distribution 7: total variation (as
in Meyn-Tweedie’s Markov chain approach), L?-norm, relative entropy, Wasserstein distance,
etc. Below in Theorem 3.23, we state the exponential rate of convergence under the relative
entropy.

Theorem 3.23 (Exponential rate of convergence for the Fokker-Planck gradient flow: relative
entropy). Let (p¢)i=0 solves the (gradient drift) Fokker-Planck equation:

Dhpr = div(Vpy + pVV), (177)
where the potential V > 0 satisfies V € C2(R"). If the Bakry-Emery criterion
Hess(V) = k1, (178)
holds for some x > 0 (i.e., Hessy (z) > k1, for all x € R"), then
H(pi||w) < e " H(po|r), t=>0, (179)

where 7(z) = e~V (@) is the stationary distribution for the Fokker-Planck equation (177).

Note that the Bakry—Emery criterion is a strong convexity (sometimes called the k-
convexity) requirement for the potential V. From the sampling point of view, the Bakry-
Emery criterion requires that the stationary distribution 7 is strictly log-concave to obtain
exponential rate of convergence under the relative entropy.

It is known that strictly log-concave probability density satisfies an LSI, and vice versa
(cf. Problem 3.17 in [13]). In the celebrated result of Bakry and Emery, a simple sufficient
condition is given to ensure that the density satisfies an LSI.

Lemma 3.24 (Bakry-Emery criterion). Let V : R” — R be a C2(R") function and dr = e~V dz
be a probability measure such that Hess(V) = kI, for some x > 0. Then 7 satisfies the LSI
with parameter x:

H(vlr) < 5 1(v]lm) (150)

for all v € P(R™) such that 7 < v.

However, it is an open question whether or not all log-concave densities satisfy an LSI. It
is even an open question to ask whether or not all log-concave distributions satisfy a Poincaré
inequality with a dimension-free constant. This is the Kannan-Lovész-Simonovits (KLS)
conjecture [1, 3].

Conjecture 3.25 (Kannan-Lovasz-Simonovits conjecture, cf. Conjecture 1.2 in [1]). There
exists an absolute constant C' > 0 such that for any log-concave probability measure v on R",
we have

Var, (f) = By |f — E[f]]* < OAJE, [V f[? (181)

for any locally Lipschitz (i.e., Lipschitz on any Euclidean ball) function f € L?(v), where ),
is the square root of the largest eigenvalue of the covariance matrix Ex,[X XT].
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Currently, the best known result is that, for an isotropic n-dimensional log-concave distri-
bution, the dimension-dependent constant C(n) is on the order n'/4 [9].

We also note that the Bakry—Emery criterion can be replaced by a slightly stronger Otto-
Villani criterion (with an additional finite second moment assumption), so that we can obtain
both LSI and 75 inequality.

Lemma 3.26 (Otto-Villani criterion, Theorem 1 in [10]). Let V : R® — R be a C?(R")
function and dm = e~V dz be a probability measure with a finite second moment such that
Hess(V') > kI, for some x > 0. Then = satisfies the LSI and Talagrand’s 75 inequality, both
with parameter k:

1
H(v|r) < 5-I(v||m) and gWg(y,W)gH(wa) (182)

for all v € P(R"™) such that 7 < v.

With the (slightly) stronger Otto-Villani criterion, exponential rate of convergence also
holds under the Wasserstein distance [2]. In fact, rate of convergence for (more general)
non-gradient drift Fokker-Planck equation is established in [2].

Theorem 3.27 (Exponential rate of convergence for the Fokker-Planck gradient flow: Wasser-
stein distance). Let (p;)¢>0 solves the (gradient drift) Fokker-Planck equation (177) with the
stationary distribution dm = e~" d satisfying the Otto-Villani criterion for some x > 0 (i.e.,
dm = e~V dz has finite second moment such that V € C?(R") and Hess(V) = xI,,). Then,

Wa(pe, m) < e Wa(po, 7). (183)

Proof of Theorem 3.27. Using the relation between the PDE and SDE, solution to the (gradi-
ent drift) Fokker-Planck equation (177) is the density of the stochastic process (X¢):=0 solving
the following SDE:

dX; = —VV(X;) dt +V2dW, (184)

where (W}):=0 is the standard Brownian motion on R™ and the initial datum has distribution
po (cf. Section ?? for more details of the equivalence).

Let up and vy be two probability measures on R"™, and (X, Yj) be a coupling at the initial
time with the marginal distributions Xg ~ pg and Yy ~ g such that

E|[Xo - Yo|* = W3 (0, v0)- (185)

Then we run two coupled copies of the SDE with (X;)i>o (resp. (Y;)i=0) as the solution
to (184) starting from Xo ~ po (resp. Yo ~ 1p), both driven by the same Brownian motion
(Wt)t>0- Then,

d
3 BIXe —Yi[ = 2B (X, - ¥, VV(X,) = VV(V)). (186)

Note that for any =,y € R”,
1
V(z) = V() + (@ =y, V() + 5@ —y) Hessy (2)(z —y), (187)

V() = V(z)+y—zVV(@)+ %@ — ) Hessy (/)(y — 2), (188)
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where z, 2’ are on the line segment joining x and y. Adding the last two equalities, we get
(r -y, VV(z) - VV(y)) = %(x —y)" [Hessy (2) + Hessy (2')](z — y). (189)
If Hess(V') = kI, for some k > 0, then
(x—y, VV(z) - VV(y)) > klz —y[>, Va,y €R™ (190)
Then Gronwall’s lemma yields that
E|X; - V> <e B |X, - Y| (191)
By definition of the Wasserstein distance,
W3 (e, i) < E X, = Yl (192)

Now we have
W3 (e, ve) < €2 W3 (o, vo), (193)

which gives an exponential contraction between any two solutions p; and v4 to the Fokker-
Planck equation (177). In particular, (183) follows from choosing vy (and thus all v, ¢ > 0)
as the stationary solution 7 = e~V . |

For the Mehler flow, recall that the stationary distribution is given by

2
m(z) = (47) "% exp ( — |x4|>’ (194)
which is a v/2-rescaled standard Gaussian distribution v on R". By the Gaussian LSI for ~,
we know that 7 satisfies a similar LSI and thus the Mehler flow has the exponential rate of
convergence to its stationary distribution .

Corollary 3.28 (Exponential rate of convergence for the Mehler flow). We have

H(p||m) < e 'H(pollwr) and Wa(py,m) < e /*Wa(po, ), t =0, (195)
where 7 is the stationary distribution the Mehler flow (p;)¢>0 with V(z) = @. In particular,
pt converges weakly to 7 (in distribution) as ¢t — oc.

Proof of Corollary 3.28. For the Mehler flow, V(z) = %, VV =2, and Hess(V) = 11,. So
K= % Then Corollary 3.28 follows from Theorem 3.23 and Theorem 3.27. |
Corollary 3.28 is a quantitative version of Boltzmann’s H-theorem stating that the total
entropy of an isolated system can never decrease over time (i.e., the second law of thermody-
namics):
-V

d
SH (i) = =I(pim) <0 with 7= 67 (196)
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4 Optimal transport

4.1 Constant-speed geodesics in W,

Definition 4.1 (Length of curve). The length of a curve w : [0,1] — X in a metric space (X, d)
is defined as

n—1
Length(w) = sup {Z dw(ty),w(tyr1)):n=21,0=tg<t; < - <ty = 1} . (197)
k=0

Remark 4.2 (Absolutely continuous curve has finite length). By Definition 3.3, if w € AC(X),
then there exists an g € L'([0,1]) (i.e., g has the bounded variation) such that

d(w(tr), w(tks1)) < / o g(T)dr.

ti
So we have
n—1 1 1
Zﬂwmwmm</gm&=:hmww</Mﬂﬁ<w
k=0 0 0

Lemma 4.3 (Derivative of length is metric derivative). If w € AC(X) is an absolutely contin-
uous curve in a metric space (X, d), then

1
Length(w) = / |w'|(t) dt, (198)
0
where |w'|(¢) is the metric derivative of the curve w

10—t D))

199
h—0 ‘h| ( )

Proof of Lemma 4.3. Since w € AC(X), after the reparameterization in Remark 3.5, we can
assume that w is 1-Lipschitz continuous. So by the Rademacher theorem (cf. Theorem 3.6),
the metric derivative |w’|(¢) exists and we have Length(w) < fol |'|(t) dt. |

Definition 4.4 (Length space and geodesic space). Let w : [0, 1] — X be an absolutely contin-
uous curve in a metric space (X, d). The curve w is said to be a geodesic between zg,z1 € X
if it minimizes the length among all absolutely continuous curves such that w(0) = zy and
w(l) = x.

A space (X, d) is said to be a length space if

d(z,y) = inf {Length(w) : w(0) = zg,w(l) = 21, w € AC(X)}. (200)
A space (X, d) is said to be a geodesic space if

d(x,y) = min{Length(w) : w(0) = zo,w(1) = z1,w € AC(X)}. (201)

49



Definition 4.5 (Constant-speed geodesic). Let (X, d) be a length space. A curvew : [0,1] — X
is a constant-speed geodesic between w(0) and w(1) in X if

d(w(t),w(s)) = [t — s| d(w(0),w(1)) VYt s€]0,1]. (202)

Note that a constant-speed geodesic w is indeed a geodesic. Take any 0 =ty < t1 < - <
t, = 1 and any other curve @ : [0,1] — X such that @(0) = w(0) and @(1) = w(1). Then we
have

k=0
(1) o (th 1) = 3t — t)d((0),w(t1)) = dw(0),w(t),
k=0 k=0

which imply that
Length(®) > d(w(0),w(1)) = Length(w).

Lemma 4.6 (Characterization of constant-speed geodesic in metric space). The p > 1 and
w:[0,1] = X connecting xp and z7 in X. Then the followings are equivalent.

1. w is a constant-speed geodesic.

2. w € AC(X) such that |o'|(t) = d(w(0),w(1)) for almost everywhere ¢ € [0, 1].
3. w solves min {fol | [P(¢) dt : @(0) = xo, (1) = a:l}.

Theorem 4.7 (Constant-speed geodesic in W),). Let p > 1, 2 C R™ be a convex subset, and
p,v € Pp(2). Suppose v € I'(i, ) is an optimal transport plan for the cost |« — y|P. Define
X —Qas

m(z,y) = (1 —t)z + ty. (203)

Then the curve p; = (m)yy is a constant-speed geodesic in (P,(€2), W),) connecting pg = p
and p = v.

Remark 4.8 (McCann’s interpolation). If u has a density w.r.t. the Lebesgue measure dz on
R™, then, by Theorem 4.7, there is an optimal transport map 7" from g to v such that

e = (1 = t)id + 7)), p (204)

is a constant-speed geodesic in W),. This implies that the p-Wasserstein space (Pp(£2), Wp)
is a geodesic space. The curve (204) is called McCann’s interpolation. In particular, jui; o is
called the barycenter of p and v.

Proof of Theorem 4.7. It suffices to show that W, (s, ps) < (t — s)Wy(p,v) for all 0 < s <
t < 1 because this inequality and the triangle inequality

Wi (1 1) < Wb, 1)+ Wyt 1)+ Wy (e, 1) < [(5-0) 4 (t—8)+ (1= 0)] Wy v) = Wy(p, )

imply that all inequalities are equalities. Thus Wp (s, ) = (t — s)Wp(p,v) for all 0 < s <
t < 1. Recall py = (m¢)yy, where my(x,y) = (1 — t)x + ty. Let

Ve = (e m)yy = (W), (m)yy) € Tpss ) (205)
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be a coupling of us and p;. Then,

. 1/p 1/p
W (s, i) < (/Q\x—y\pdvs> = </Q !w—ylpd(ﬂsmt)w>

- </Q [7s(2,y) — m(@, ) dv(x,y)> i

— </Q (1= s)z+sy— (1—t)x _ty|pdv(a:,y)>1/p

1/p
_ ( / |t—s|p|x—y|pdv<x,y>)

= |t — s </Q |z —y|P dy(z, y)) " = (t = 5)Wp(p,v),

where (x) follows from change of variables. [

4.2 Benamou-Brenier formulation

Now we are ready to formulate a dynamic version of the Kantorovich optimal transport
problem as an optimal flow problem. This is referred as the Benamou-Brenier formulation.

Recall that (Pp(£2), Wp) is a geodesic space. For pu,v € Pp(€2), we can take a constant-
speed geodesic (1t);c(0,1] connecting o and v = py. By Lemma 4.6, (f1¢).¢[0,1] is an absolutely
continuous curve such that for almost everywhere t € [0, 1],

|M/’(t) = Wp(:“’()v/*[/l) = Wp(ﬂa v)

and p solves

1
win { [P0 at 1(0) = 0, 1) = 1,7 AC(R(D) ).

Theorem 4.9 (Benamou-Brenier formula). We have

1
200) = win [ V25 500) = 0 0) = 2B+ div(iv) = 0. (209

Proof of Theorem /.9. |

4.3 Caffarelli contration theorem

Definition 4.10 (Brenier map). Let p and v be two probability measures on R™. The Bre-
nier map (i.e., the optimal transport map) y : (R", u) — (R",v) satisfies the following two
properties:

1. cost-minimizing: y minimizes the cost functional [g, c(z,y(z)) du(x);

2. measure-preserving: for any test function ¢ : R®™ — R, one has

Y(y)dv(y) = - Y(y(z)) du(z), (207)

R?’L

i.e., v is the pushforward measure of p by y, denote as v = yyp.
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Classical optimal transport theory imply that the Brenier map exists and unique if p > dz.
In addition, if i and v has smooth densities f and g w.r.t. the Lebesgue measure dz on R",
respectively, such that f,g > 0, then the Brenier map y is given by a gradient of a convex
function, i.e.,
y(x) = Ve(z) (208)
for some convex and smooth potential ¢ : R™ — R. Since y is measure-preserving, by change
of variables, we have

o P(Ve(x)) f(z)dz = - P(y)g(y) dy = - V(Vip(x))g(Ve(x)) det(Vip(z)) da.

This gives the Monge-Ampére equation (in the distribution sense):

f(x)
det(V3p(z)) = -2, 209
V) = ¥l 20
Remark 4.11 (Regularity of ¢). If f,g € C?(Q) where  C R™ is a convex subset, then
@ € C>%(Q), where ¢ satisfies the Monge-Ampere equation (209) in the classical sense. This
implies that ¢ is a strongly convex (i.e., VZp(z) > 0) strong/classical) solution of the Monge-
Ampere equation. |

A theorem of Caffarelli in [4] shows that the Brenier map pushing forward a source Gaus-
sian measure to a more log-concave target measure contracts Euclidean distance.

Theorem 4.12 (Caffarelli contration theorem). Let 1 and v be two probability measures on
R™ with Lebesgue densities f and g, respectively, i.e., du(z) = f(z)dx and dv(z) = g(x) dz.
Suppose f(x) = e~ Q@) where Qx) = %xTAa: for some positive semi-definite matrix A =
(aij)i ;=1 (not depend on z). Let g(z) = e~ Q@) =F@) where F : R® — R is convex. Let
x + y(z) be the Brenier map from u to v. Then we have

ly(z1) — y(@2)| < |21 — 22| (210)

for all x1,x9 € R™, i.e., y is a contraction (or 1-Lipschitz function).

To prove Caffarelli contraction in Theorem 4.12, we first give a formal proof and then a
rigorous proof.

Formal proof of Theorem 4.12. Let p(B) = logdet(B) for an n x n positive definite matrix B.
By the Monge-Ampere equation (209),

p(VZp(x)) = logdet(V¢(x)) = log f(2) — log g(Ve(x)). (211)

Assume ¢ € C* such that V2p > 0 is positive definite (as a matrix inequality) and y = V.
Denote

e h O 920 e (T2 — D2
Qi = 8290— 8.%'2‘()0’ Vzp(v 90) = 2/0<V ¢) = axlp(v ¢)7

52 52
pij = O = T Viip(V2) = 07,p(V3¢) = p(V23).
iLj

Ox;z;
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Using the chain rule on the matrix B = (bij)ijl» we have

Vip(Vi) = Y 8ip(V20)Vijer,

=l
n n
Vip(V Z 0up(V2R)Vien+ Y Y 05 up(Ve) Ve Vier. (212)
ij—1 ij=1 k=1

Note that 0;jp(B) = 5p(B) = B~ ie, %p = b/" where B~ = (b/)?,_, if det(B) # 0.
Assume that 17 achieves a maximum in R™. At the maximum point xy € R™ of ¢, we have
V?jgon(xo) < 0 because ¢ € C*. Applying Lemma 4.13 to (212), we have

Vi10(V2e(0)) Z B0iip(Ve(x0)) Ve (zo) + > Y 05 1up(V2(w0)) Vijpr(20) Viger (xo)

i,j=1 <0 1,j=1k,l=1

<0

=(Vep(x0))~>0
< 0.

Then this inequality and the Monge-Ampere equation (211) imply that

V11P(V2<P(330)) = V%l log f(z0) — V%l log g(Vip(o))

= —V1Q(z0) + VHQ(V(20)) + Vi1 F(Vp(wo))
0.

N

Since @11 achieves the maximum at xg in all directions @qq, @ = 1,...,n, we can rotate in a
suitable basis such that we can diagonalize the Hessian matrix

Ao O

VQSO(QUO) : .. :
0 ... M\

with A1 = v11(20), ¢11:(x0) =0 for all i = 1,...,n, and p;1(xg) = 0 for all i # 1. Note that

ViF(Vo(x Z@F V(z)) pin(z),
Vi F(Ve(x Z ) wir(z) g (z +Z<‘3F V() pin (2 Z F(Ve(z)) pinr(z),
7.] 1 =1 =1

where the last inequality is due to the convexity of F'. So we have
n
VHE(Ve(x0)) 2 ) 0:F (V(xo)) pini (o) = 0.
i=1

Thus, we get
ViQ(wo) = VHQ(Ve(20)) + VI F(Ve(wo)) = VHQ(Ve(x0)). (213)
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Recall that Q(z) = 227 Az and V%,Q(z) = a1 where A = (aij)7 j=1- Then,

n

ViQ(Ve(x)) = Y aij (Ve(x)); ean(x) = D aijoj(x) pa (@),

2,7=1 2,7=1
VHQ(Ve(@) = Y aijlpj (@) pin(x) + ¢j(x) pi ()]
ij=1
Then we have
VHQ(Ve(wo)) = D aij[pji(x0) pir (x0) + ¢;(wo) pinr (w0)]
ij=1

n

= Z aijp1(w0) @it (z0) = ar197; (o).
i=1

Now filling all pieces into (213), we get aj1¢3;(zo) < a11. Since aj; > 0, we conclude that
#?,(z0) < 1, which implies that the eigenvalues of the Hessian matrix V2¢(x) are uniformly
bounded in [0,1] on R™. This means that the Brenier map y = Vi is a 1-Lipschitz function.
|

Lemma 4.13 (Concavity of logdet function). The function p(B) = logdet(B) for n x n positive
definite matrix B > 0 is strictly concave on positive symmetric matrices, i.e.,

0?p )n
<0 214
(abijbkl 1,5,k 1=1 21

is a negative definite symmetric matrix (as a matrix inequality).

Proof of Lemma 4.13. We first prove the 2 x 2 case. After diagonalization, we may assume
that

(a0 .
B—( 0 )\2) with Ay, s > 0.

For z,y, z € R, define

o(z,y,z) = logdet ( A1 :_ . )\21 y > = log ((/\1 +2)( A2 +y) — z2) .
Then elementary calculation yields that
9?p 1 0?p 1 0?p 2
a? (0,0,0) - )T%’ ay* (0,0,0) - )‘7%’ a2 (0,0,0) - A

and all mixed second-order partial derivatives are zeros. For the general n x n case, after
diagonalization, we similarly can assume B is a diagonal matrix with positive eigenvalues

Aly..., Ap. Define

n
o((wij)1<i<j<n) = logdet (B +> wiBa+ Y wi(Eiy+ Ejz‘)),

i=1 1<i<j<n
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where E;; = eie;*-r and e; = (0,...,0,1,0,...,0)” with the only i-th position being 1 and all
other entries being 0. Then,

0?p 1 0?p 2
— =—— — = — for i # j
2 2> 2 Y ’
ox;, (0,...0) A Oz ©,..0) Aidj
and all mixed second-order partial derivatives are zeros. |

4.3.1 Rigorous proof

There are several places in the formal proof of Theorem 4.12 to be made rigorous. This
involves some extra geometric argument. The idea is to replace V2 by the second difference
of ¢.

Rigorous proof of Theorem 4.12. Define the second difference of ¢ as
Sip(x) == 6%p(x) = [p(a + he) — p(x)] — [p(z) — p(z — he)]
= oz + he) + ¢(z — he) — 2¢(x),
where e is a unit vector in R™ and A > 0. Since

. O0p(x)
=

= (VZp(z)e,e),

it suffices to show that
Sp(z) < h2. (215)

Step 1: show that for each fixed h and e, dp(x) — 0 as |z| = co.
Fix an h > 0 and unit vector e € R" (i.e., le| = 1). By approximation, we can modify F
such that F' = 400 on R™\ Bg for some large enough R, i.e.,

>0 ony€ Bg

—0 asy— 0Bgr and yr = Ve, (216)

9(y) i= gn(x) = e~ AWFV) {
where ¢ is the Brenier map from fdz to ggdz. In the sequel, we shall denote g(z) := gr(z)
y(x) == yr(z).

Lemma 4.14. In the setting of Theorem 4.12 and let yr(x) be defined in (216). Then yr(x) —
x

[z 2 uniformly as |x| — oc.

Let x; = xy + te. Since

%(Sﬁ(ﬂﬁt) —p(x0)) = (Vp(z1), €),

fundamental theorem of calculus yields that

h
= /0 (Vo(xo +te) — Vo(xg — te), e) dt. (217)
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By Lemma 4.14, we have

xo L te

Vp(zo £ te) = y(xg L te) = okt

R uniformly in 0 <t < h,

as |xo =+ te| — oo, which implies that

V(zg £te) = TR as |zo| — o0.

|0l
Then,

— —0
|0

uniformly in 0 < ¢ < h and |e| = 1, as |zg| — oo. Integrating this to get

(Vo(zo +te) — Vp(zg — te), e) ~ <2t€ e> _ 2R

|0l

dp(xg) = 0 as |zg| — oo.

Thus 0 achieves its maximum over all (zg, ¢) such that |e| = 1.
Step 2: mimic the formal proof by replacing V2@ with 6 and bound d¢p.
Now, we fix a point xg € R™ and a direction e, at which d¢ achieves its maximum. Define

0(x) := log f(z) —log g(V(x)),
p(Vp(x)) = logdet(V?p(z)).

(
By the Monge-Ampere equation (209), we have 0(z) = p(V2p(x)). Since p is concave (cf.
Lemma 4.13), p(B) — p(A) < (Vp(A), B — A) for any A, B > 0. Then,
)

p(V2p(xo £ he)) — p(Vp(x0)) < (Vp(V2p(0)), V(0 £ he) — V()

= Mij(VZ0(0)) (i (0 =+ he) — @i5(x0))
ij—1

where [Mij(V2<p(aco))]Zj:1 = [V2¢(70)]™! > 0 as a matrix inequality. Thus, we get

0(zo £ he) — 0(z0) Z Mij(V2o(0)) (ij (o £ he) — pij(x0))
i,j=1

which implies that

30(zo) = [0(xo + he) — O(xo)] + [0(xo — he) — 0(xp)]

<Y M;ii(VP0(x0))8645 (o)

ij=1
= (M(V?¢(x0)), 5 (x0)) <0, (218)
>0 <0

because V25p(rg) < 0 as xg is a maximizer of dp (i.e., the second derivative test for d¢p).
On the other hand, recall

0(x) = log f(z) —log g(Vp(z)) = —Q(z) + Q(y(x)) + F(y(x)), (219)
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where y(x) = Vp(z). Since Q(z) = B(x,z) is a symmetric bilinear form, we have for any
z € R",

0Q(2) = [Q(z + he) — Q(2)] + [Q(z — he) — Q(2)]
= B(z + he,z + he) + B(z — he,z — he) — 2B(z, 2)
= 2h%B(e,e),

which does not depend on z. So we can write
6Q(z) = 2h?B(e,e) with = — z & he.
Because dp(x) achieves maximum at xg, by the first derivative test, we have
Vop(xo) = Vo(zg + eh) + Vo(zg — eh) — 2Vp(zo) = 0. (220)
In addition, because dy is also stationary w.r.t. the unit vector e, we must have for any 7 L e,
h(Vrp(zg 4+ eh) — Vip(xg — eh)) := h(t,Vo(xo + eh) — Vo(zg — eh)) = 0, (221)
which means that V(zg + eh) — Vo(xo — eh) is a multiple of e, i.e.,
Vo(xo+ eh) — Vp(xg — eh) = 2Xe (222)
for some A € R. Combining (220) and (222), we see that

0= [Vp(zo + eh) — Vo(zo)] + [Ve(zo — eh) — Vio(zo)],
2Xe = [Vo(zg + eh) — Vo(xo)] — [Ve(xg — eh) — V(o))

Thus we must have
e = Vp(xg + eh) — Vo(xo),
—Xe = Vp(zg — eh) — Vp(zo).

Since ¢ is convex, we have

<€, )\6) > hVQQD(l'O)(ea 6),

which gives
el [N, — h V2p(z0)]e > 0.

So A > 0. Note that

Q(Vp(zo)) = Q(Ve(zo + he)) + Q(Vp(zo — he)) — 2Q(Vp(o))
= Q(Ve(z0) + Ae) + Q(Vp(mo) — Ae) — 2Q(Vep(xo))

which gives the “curvature” of y = y(x) = Vy(x). Moreover, since F' is convex,

F(Vep(x0)) = F(Vp(zo + he)) + F(Vp(zg — he)) — 2F(Vp(zo))
F(Vo(zo) + Ae) + F(Vp(xo) — Ae) — 2F (Vip(z0))
0.

WV
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Now filling all pieces into (219) and using (218), we see that

0> 06(z0) = —0Q(x0) + 6Q(Vip(0)) + 0F (Vip(20)) = —0Q(0) + 0Q(Vep(20))

and thus
2)2B(e,e) < 2h*B(e, €).
Z

Since B(e,e) = Q(e) = 2elAe > 0 and A
representation of dp in (217):

0, we have 0 < A < h. Recall the integral

h
Sip(ao) = /0 (Vio(zo + te) — Vip(zo — te), ¢} dt. (223)

It is easy to check that the integrand is non-decreasing in t. Indeed,

o(xo + te) = (Vp(xg + te), €), o(xog —te) = —(Vp(xo — te), €), (224)

dt dt

and
d2 d2

@w(mo + te) = (Vzap(xo +te)e, e) = 0, @cp(xo —te) = (V2g0(ac0 —te)e, e) =0, (225)

because ¢ is convex. So

h
(Vo(zo + he) — Vo(zg — he), e) dt
0

h h
/ (2)e, €) </ 2h dt = 2h2,
0 0

i.e., we have shown that dp(z) < 2h? uniformly in z. So all the eigenvalues of V2o are
between 0 and 2. Thus,

ly(z1) — y(z2)| < 2|z — x| for all x1,x9 € R, (226)

and we are off (210) by a factor of 2.
Step 3: bootstrap the priori estimate to conclude.
By the computation (223), (224), (225) in Step 2, we have seen that

4 Vo(xg + te) — Vo(zg — te),e) = (VZip(xg + te)e, e) + (Vip(xo — te)e, €).

&= dt<

If V2p(xg) < apl, for some 1 < ag < 2 as a priori estimate, then & < 2 and
h
do(xo) g/ min{2h, 2t} dt
0

h/ao h
g/ 2agtdt—|—/ 2hdt
0 h

/a0
h? 1
=2n* - — = (2—>h2,
ap (&%)
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i.e., we get a new bound

1
Sp < anh?,  where a; =2 — —.
Qo
Now we iterate to get 6 < ah?, where
1 .
apy1 =2—— fork=0,1,2,... with ag=2.

893

Then it is easy to check that the sequence (ag) | 1 as k& — oo, and the limit ay of this
sequence is the fixed point of o = 2 — é Solving the last equation for 1 < a < 2, we see that
Qoo = 1 and the proof of the Caffarelli contraction theorem is complete. |

Proof of Lemma 4.14. Since ¢ is convex, y = V¢ is a monotone map, i.e., (x — zg,y(x) —
y(xo)) = 0. For a unit vector N € R", we let

I'(g,0,N)={q+ta:qeR" aecR" |a| =1,|angle(e, N)| < 0,t > 0}

be the cone with vertex ¢, angle 6, and central axis N. Denote yg = y(xg). Then we claim
that

[ (yo, 5 =& N) N Br Cy(D(wo,m — &, N)). (227)

Indeed, consider (zo,y(x0)), (z,y(x)), and s,t > 0. If y = yo + tfB and = = z¢ + sa for some
la| = |5] = 1, where yo = y(z0) and y = y(x), then by the monotonicity of the map y we have

0 < (x — zo,y(x) — y(x0)) = (sa, t8) = st{x, 5).

So («, B) = 0, i.e., |angle(e, B)| < w/2. Then

jangle(a, N)| < |angle(a, 8)| + angle(8, N)| < 5 + 5 —e =7 —<,

which proves the claim (227). Now volume comparison gives

Vol (F (yo,% _ 5,N> N BR> < Vol (D(zg, 7 — &, N)),

where f = e~ ?. If we take N = 22 then

= Tzl

Voly (I'(xzo,m —¢,N)) = / e @@ dz - 0 as |z — oo
I'(zg,m—¢,N)

exponentially fast. But the only way that Vols (I'(xg,m — e, N)) — 0 if yo = y(xo) = RN
where N = £, This proves Lemma 4.14. |

|zo]

4.3.2 Generalization via reverse heat flow

4.3.3 Equality case
5 Mean curvature flow

In this section, we turn to the monlinear and geometric heat equation that describes the
time evolution of submanifolds deformed by some vector field that minimizing the volume
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functional. Let M := M™ C R be an n-dimensional closed submanifold embedded in an
ambient Euclidean space RY. Let v be a vector field in R and V be the Euclidean covariant
derivative (cf. the definition of covariant derivative in Appendix D.5). For p € M, denote
T,M as the tangent space to M at p, and Tle as the orthogonal complement of T),M. Let
(e;)i*; be an orthonormal frame for T, M. The divergence of v on M is defined as

n

divar(v) =Y (e, Ve, v) =: (€5, Ve, V), (228)

i=1
where we use the Einstein summation convention to omit the summation notation. This
convention will be used throughout the rest of this section.

Definition 5.1 (Laplacian on manifold). Let M™ C RY be a submanifold and f : RY — R.
The Laplacian (or Laplacian-Beltrami) operator on M is defined as

Aprf =divay (VT f) = (e;, Ve, V' f), (229)

where VT f is the tangential component of Vf such that Vf = V' f + VL f and V1 f is the
orthogonal component of V f.
Definition 5.2 (Second fundamental form). Let M™ C R¥ be a submanifold. The second
fundamental form of M is defined as
A:T,M x T,M — T;-M, (230)
A(X,Y) = VyY, (231)

where X and Y are vector fields tangential to M when restricted to M.

Remark 5.3. Note that VxY can be understood as Vy?, where X and Y are smooth exten-
sions of X and Y from M to RY. Moreover, since VxY — Vy X = [X,Y] and the Lie bracket
[X,Y] of X and Y is a tangential vector field, we have V1Y — V{ X = 0. So A is bilinear
and symmetric. In tensor calculus language, A is said to be a symmetric (0, 2)-tensor taking
values in the normal bundle. Finally, we have the following decomposition

VxY =ViY +VyY, (232)

where V}Y is the induced connection on M and V)L(Y is the second fundamental form of M.
[ |

Definition 5.4. Let M™ C RY be a submanifold. The mean curvature of M is defined as
H=—Ae;, e;) = —tr(A) = —tr(Vie), (233)

where (e;)?_; is an orthonormal basis (ONB) for T),M for p € M.

Lemma 5.5 (Compute Ay on M of restriction of a function on RY). Let M"™ C RY be a
submanifold and (e;)™; is an ONB for T,M. For f : RY — R, we have

Auf=V2f(eie) — (H V), (234)

where V2 is the RV-Hessian of f.
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Note that the Laplacian Ay on M is the trace of the Hessian on the tangent space with
a correction term from the Euclidean subspace due to the second fundamental term.

Proof of Lemma 5.5. If n is a normal vector to T,M, then by the Leibniz rule (cf. Ap-
pendix D.5),
0 =e;(e;,n) =V, (e;,n) = (Ve.e;,n) + (e, Ve, n),
which implies that
(€i, Ve,n) = —(Ve,ei,n) = —<Vjiei,n>.

Then we compute

Apf = divy(V'f) =divy(Vf) = diva (V' f)
= <ez~, Ve, V) — (e, Ve,V F)
= V2f(e ,e,)—i—(Véei,Vlf)
ei,ei) + (Véei,Vﬁ
)+ (H, V),

2 (
= (61, €i
because V= f is normal. |

Throughout the rest of this section, we shall adopt the following notation. Let f : RN x

R — R be a function f(x,t) of space and time. We use 8{ to denote the partial derivative of

fwrt. t. If x ;= x(t) is a function of ¢, we use 9;f to denote the total time derivative of f,
i.e.,
d of
= — t).t) = —_ 2

where x; = %.

5.1 First variation of volume functional

Given an infinitely differentiable (i.e., smooth), compactly supported, normal vector field v
on M, consider the one-parameter variation

My ={z+tv(zx):x € M}, (236)

which gives a curve ¢t — M; in the space of submanifolds with My, = M. To study the
geometric flow of the one-parameter family submanifolds, we need first to compute the time
derivative of volume, which is given by the first variation formula of volume.

Lemma 5.6 (First variation of volume functional). Let M™ C RY be a submanifold and v be
a field with compact support in M. The first variation formula of volume is given by

d
<], vol(uy) = /M<v, ), (257)

where H is the mean curvature vector in (233) and the integration [, is with respect to the
volume form dVol,,.
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Proof of Lemma 5.6. Note that derivative of the volume element 1 := p(t)dVol(M; y) of M,
satisfies:

% - p(t) = divas(v)u(0).

Let (e;)_; be an ONB for M. Note that

divas(v) = divy(vh) +divy (v’
= (Ve vl e)+divy(vh)
= —(vl,V.e) +divy(vh)
= (vi, H) +divy(v")
= (v,H) +divpy(v'),

because (v, H) = 0. Then,

d , .
il 0= (<V,H> + divay (v )) 1(0).
Integrating on M to get
— Vol(Mm):/ <v,H>dVolM+/ divys(v') dVolyy.
dt t=0 M M

Since v has compact support in M, [  div v (vT)dVolys = 0. Thus we have

dt

Vol(MuV):/ (v, H)dVolyy.

t=0 M

|
Ezample 5.7 (n-sphere). Consider the n-sphere M = {z € R"" : |z| = r} with radius r

embedded in R"*! for n > 1 and v = /|| is the unit normal vector field (since M is a
hypersurface in R"*1). Consequently the one-parameter variation of M is given by

Mt7vz{x+s’i‘:xeM}:{(1+i)x:|x\:r}. (238)
Then,
Vol(Myy) = (1+ ;)nVol(M) (239)
and n
VOl(Mt,v)t— Vol(M) _ (1+ it) o o). (240)
Letting t — 0, we get
= L:OVol(Mt,v) - %VOI(M). (241)

On the other hand,

n n

(Hov) = = 3 (Vs ) = oo Vo) = divar(v) = divar () =

, (242)
i=1 i=1 |z|
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which implies that
/ (H,v) =~ Vol(M). (243)
M T

Combining (241) and (243), we see that (237) indeed holds for n-sphere. |

The first variation formula in Lemma 5.6 together with the Cauchy-Schwarz inequality
imply that the volume functional is minimized at v = —H. For smoothly evolving subman-
ifolds Mj* = {F(z,t) : * € M"™,t € R} for some function F' : M x R — RY, this means
that 2t = —H is the (negative) gradient flow of the volume functional, where z; = 92 and

ot
x:=xz(t) = F(x,t) for x € M.

Definition 5.8 (Mean curvature flow). Let M]* C R be submanifolds. M; := M} is said to
flow by the mean curvature flow (MCF) if

zi = —H, (244)

where i is the normal component of the time derivative x; = % of the position vector

x:=x(t) € M. If n =1, then (244) is also called the curve-shortening flow.

In view of the first variation formula (237), we see that the mean curvature flow (244) is
the negative gradient flow of volume.

Remark 5.9 (Reparametrization of MCF). The MCF defined in (244) is often written as
2 = —H. (245)

Since a tangential vector field does not change the volume functional, the MCF defined
by (244) and (245) only differ by a tangential diffecomorphism. Thus we have the same MCF
(My) with different parameterization. In the sequel, we can either use (244) or (245) as our
definition of the MCF. |

Lemma 5.10 (Compute total time derivative of a function on the MCF). Let M; := M* C RY
flow by the MCF and f : RY x I — R where I C R. Then

0
0 = (VI H) + . (246)
Proof of Lemma 5.10. This lemma follows from (246) and the definition of the MCF (245).

|

Lemma 5.11. Let M}* C RN flow by the MCF. Then we have
1. (O —Ap,)zi=0forali=1,...,N.
2. (0 — Apg,)|z]? = —2n.
3. (0 — Apg,) (7] + 2nt) = 0.

Proof of Lemma 5.11. First we prove part 1. Let 9; = (0,...,0,1,0,...,0), where the 1 is in
the i-th position, i.e., d; is the canonical Euclidean basis of RY. Then Vz; = 9; and V2f = 0.
So by Lemma 5.5, Ayrx; = —(H,Vf). By Lemma 5.10, 0,x; = —(V f, H). Thus, we have
(Gt — AM).%'Z = 0.
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To prove part 2, we note that V|z|?> = 2z and V2|z|? = 2Iy. So by Lemma 5.5, Ays|z|? =
V2|z2(e;, e;) — (H,V f) = 2n — (H,V ). By Lemma 5.10, &;|z|?> = —(V f, H). Thus, we have
(0 — App)|z|> = —2n.

To prove part 3, we note that V(|z|? + 2nt) = 2z and V?(|z|? + 2nt) = 2Iy. So by
Lemma 5.5, Ay (|x|?+2nt) = 2n— (H, V). By Lemma 5.10, 0;(|x|* +2nt) = —(Vf, H)+2n.
Thus, we have (9; — Apr)(|z|* + 2nt) = 0. |

Below we give several examples of the MCF.

Ezample 5.12 (Hyperplane). If M is an n-dimensional affine hyperplane, then H = 0, i.e.,
hyperplane is static solution of the MCF.

Ezample 5.13 (Evolving n-sphere). Using (242) in Example 5.7, we see that the mean curva-
ture of an n-sphere of radius r equals to

_nr
el
By the definition z} = —H of the MCF in (244), the MCF on n-spheres is governed by the

following ODE:
n

r()’
where the right-hand side is the negative mean curvature of the n-sphere of radius r(¢). Since
(r?)t = 2ryr = —2n for r := r(t), the solution of the ODE (247) is given by

r'(t) = — (247)

r(t) = /r(0) — 2nt, (248)

which means that the solution of the MCF becomes extinct at a finite time ¢ = %. In other

words, when ¢ 1 %, H — oo so extinction point is a singularity of the flow.
Ezample 5.14 (Shrinking cylinder). Let

be shrinking cylinders. Obviously, M/* contains shrinking sphe(rjes S’f/m and a Euclidean

factor R"*. Using Example 5.13, the extinction point is t = o7 along the Euclidean factor
Rk,

Definition 5.15 (Minimal surface). A submanifold M is minimal if H = 0.

5.2 Parabolic maximum principle

Similarly as the linear heat equation in the Euclidean space (Section 2.2), the MCF also
satisfies the parabolic maximum principle.

Theorem 5.16 (Parabolic maximum principle of the MCF). Let M; C RY be closed compact
submanifolds and (9; — Ay, )u = 0. Then the maximum of w is attained at ¢t = 0, i.e.,

t) = . 24
t}g}fé(Mtu(a:, ) max u(z,0) (249)

There are several important consequence of the parabolic maximum principle of the MCF.
The first one is a convex hull property.
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Corollary 5.17 (Convex hull property). If M* ¢ RY is a compact MCF and
My C Q:={zeRY :z; <0}, (250)
i.e., My lies in a half-space €2, then M; C € for t > 0.

Proof of Corollary 5.17. Since M is an MCF, by Lemma 5.11 (part 1),
(815 — AMt)xi = 0.
By the parabolic maximum principle in Theorem 5.16, for each t > 0,

max r; < max r; < 0.
zeM; xz€Mp

This means that M; C Q for all ¢ > 0. [ |

The next important consequence is a comparison principle that gives the estimate on
extinction time of the MCEF.

Corollary 5.18 (Estimate on extinction time). If M* C RY is a compact MCF and My C B,,
then M; C B N and M; becomes extinct in time at most %

Remark 5.19. Corollary 5.18 implies that any closed submanifolds under the MCF becomes

extinct in finite time. In particular, the extinction time estimate % given in Corollary 5.18

is sharp in view of Example 5.13, where the extinction time for evolving n-spheres of radius
2
ratt=01is 5. |
Proof of Corollary 5.18. Since M]" is an MCF, by Lemma 5.11 (part 3),
((915 — AMt)(’JZ"g + 27’Lt> =0.

By the parabolic maximum principle in Theorem 5.16, for each t > 0,

max(|z|? + 2nt) < max |z|* < 2.
Mt MO

This means that for ¢ > 0,

max lz] < /r? — 2nt.
t
2 . . .
Thus when ¢ = 7, we have 0 < maxyy, |z| < 0, which implies maxyy, |z| = 0. [

5.3 Minimal surface equation

Let Q C R? and u : Q — R. Define the graph I',, associated with u is the set of points

Iy = {(:c,y,u(:c,y)) : (.I',y) S Q} (251)

We consider the minimal graph problem: given the boundary value u(9f2), we want to find a
u such that I', has the least area. More specifically, we look at the minimal graph problem
in R3. Assume the existence of T,.
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Theorem 5.20 (Minimal surface equation for graph in R3). Let @ € R? and u : Q — R. Let
I, be the graph associated with u. Fix the boundary value of u(9€2). If T';, has the least area,
then we have the following minimal surface equation

\Y
div [ 22 ) =0 (252)
V14 |Vul?

holds in the distribution sense.
Proof of Theorem 5.20. We look for the variation n : Q@ — R with 7(02) = 0 such that
(u + tn)(092) = u(09) for all t € R. The area-minimality of I';, means that Area(t) :=
Area(I'y44,;) has a minimum at ¢t = 0. Note that two tangent vectors on graph I', can be
taken as

Or — (1,0,uy),

Oy — (0,1,uy).

We remark that these two tangent vectors are linear independent, but may not be orthogonal.
Then the area of I', can be computed as:

Area(T’ / (1,0, ug) x (0,1, uy)| dzdy,
where
Uz U U u U u
uxv=| 2 Ple—| 1t Bleg4 |t 2 es,
CPINCE! v U3 v 2

u = (u1,ug,us),v = (v1,ve2,vs), and (ei);ﬂ:l are the canonical basis of R3. Now since

(1707um) X (Oa 1>uy) = —Uz€] — Uye2 + €3

[(1,0,uz) x (0,1, uy)| = y/uz +uZ + 1,

we have for any function u(z,y),

Area(T /\/u2+u2—|—1dxdy—/\/|VU|2 1dzdy.

Applying the last equality to I'y4,, we have

and

Area(t) / V1+|V(u+tn)? = / V1 + | Vul? + 2t(Vu, Vi) + t2|Vn2,
Q

which gives

d (Vu, Vn)
Area/(0) = — Area(t) = | ——L.
(0) dt|,_ ®) /14 |Vul|?

Note that

div nvu = (Vu, Vin) + ndiv 77)Vu
V14 |Vul? V14 |Vul? ! V14| Vu? )
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Since n(02) = 0, we have

/div _ V)
Q V14 |Vul?

) nVu
Area’ (0) = —/ ndiv | —— | .
Q V1+|Vul?
By the area-minimality (i.e., the first derivative test), we must have T, Area’(0) = 0. Since
n is arbitrary, we conclude (252). [
Theorem 5.21 (Bernstein). If u is an entire solution of the minimal surface equation in R?,
then u(x,y) = ax + by + ¢, i.e., T, is a plane in R3,

Remark 5.22. Bernstein’s theorem is true up to R, it is false in R®. |

5.4 Huisken monotonicity

Define )
Hy(z,t) = (—4mt) N2 exp <|ZL) forz € RV, t < 0. (253)

It is easy to check that Hp defined in (253) is the fundamental solution of the backward heat
equation:

(0y + A)Hy(z,t) = 0. (254)
Let u : RY x(—00,0) — R be a function u(x, t) solving the (forward) heat equation (9;—A)u =
0 on negative time line. For t < 0, observe that

d
/ qu:/ utHb-i-/ u(Hb)t:/ (Au)Hb—/ u(AHy).
dt RN RN RN RN RN

Then integration-by-parts give
d
— uHy, =0,
dt RN

which means that fR ~ wHyp is constant in time ¢t < 0. In addition, by the reproducing property
of the backward heat kernel,

li H, = u(0,0).
im | u(0,0)

Thus we have
u(0,0) = / wH,  for all £ < 0, (255)
]RN

which is called Watson’s mean value property of the backward heat equation.
Now we consider M]* C RY flow by the MCF. Define ® : RY x (—00,0) — R as:

2
®(x,t) = (—4mt) 2 exp (’ZL) for z € RY, ¢t < 0. (256)

Note that ® and H, differ in exponent (—4xt)~™/2? and (—4mt)~N/2,
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Theorem 5.23 (Huisken monotonicity). If M; := M} C RY flow by the MCF, then for all

t<0,
d
4 @:_/
dt M, M,

with the equality attained if and only if - = —H =

2
$ <0, (257)

1
x
H+ 2
+215

-t

g.
To prove the Huisken monotonicity, we need the following lemma.

Lemma 5.24. If M; := M]* ¢ RY flow by the MCF, then

2

1
(0 + Apg, )@ = |[H[?® — ’H + % P. (258)

Proof of Theorem 5.23. By the first variation formula of volume in Lemma 5.6,

g Vol(MtN):/ (v,H),

dt lt=0 M
where M = {z +tv(x) : & € M}. This implies for an MCF M]" that
d

T dVol(M;) = (z¢, H) dVol(M;) = —(H, H) dVol(M;) = —|H|*> dVol(M).
Integrating and using the chain rule to get

d d
— & =— [ dAVol(M,) = b — H|?®.
dt M, dt/ VO( t) M o /Mt | |

Applying Lemma 5.24, we get

112

0, _/ \H[2® — ‘H+ T
M, M, 2t

Combining the last two displays, we have
2

d €L 1
< q):—/ H+/ Sl AMt@:—/ H+/ r
dt My M; M, 2t M; My M, 2t

where we used Stokes’ theorem in the last equality. |

o —AM,@) .

2

Proof of Lemma 5.24. Denote V and V? as the Euclidean covariant derivative and Hessian

in RN, respectively. Denote VMt as the covariant derivative on M;. For t < 0, direct
2
calculation yields I‘(Q)g ®(z,t) = —5log(—4nt) + %, Viegd = %,VQ log® = %tIN, and
|z

% log® = —4; — . For smooth functions u(x,t) and f: R — R, we compute

(B4 Aap ) f(w) = f'(w)du+ divag, (VM f(u))

F'(w)dpu + divag, (' (u) V)

£ (w)opu + ' (uw)divag, (VM) + £ (u)(VMeu, VMey)
£ (w)(Ou + Apg,u) + 7 (w)| Vw2,

u

u



Applying v = log ® and f(u) = €“, we see that f(u) = f'(u) = f"(u) = e* and
(0 + Apg,)® = @ [(9; + Ang,) log @ + [Vt log @|?] (259)

Next we compute the right-hand side of (259) with M; flowing by the MCF. By Lemma 5.10,

0 x n |z
Ologd = —(Vieg®, H) + —logd = —(—  H) — — — —.
1708 (Vieg ®, H) + 7 log ) =5~ 12
By Lemma 5.5,
9 n x
A, log @ = V*log @ (e, e;) — (H,Viog @) = 5 (H, %>
Adding the last two equations, we get
RN @—f@fw{ Ty
LM 08T = T "ot
Moreover, note that
-
VMtlog® =V log® = %ﬁ
So we have ) )
T 1 2 12
ot =[] = 31~ |5 - 2
2t 2t 2t 4¢2 4¢?
Putting all pieces together, we see that
2 2 12 12
O+ D) log @ + [V M log 2 = — 2 g Ty 2D P oy @y et
( e+ Mt) og +‘ 0og ’ 442 < ’2t>+ 442 442 < ’2t> 442
Filling the last equality into (259) and completing the square, we get
2
T |xL|2 5 l‘L
Oy + Ay, )= |-2(H,—) — =¢ ||H*-|H+—] |-
(00 + Au) (#,50) = | = 1 |+ G
|

5.5 Gaussian area and entropy

Definition 5.25 (Gaussian area). For a submanifold M := M™ c RY, the Gaussian area (or
sometimes also called Gaussian volume) of M is defined as

F(M) = (4) "2 / el /4, (260)
M
Note that the normalization constant (47r)*”/ 2 in Definition 5.25 makes F' = 1 for any
n-plane through the origin in RYV.
Definition 5.26 (Entropy). For a submanifold M := M™ C RY, the entropy of M is defined

AMM)= sup F(sM+ xg). (261)

5>0,20€RN
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Obviously, A(M) > 0. In fact, A(M) > 1 for any submanifold M.

Remark 5.27 (Invariance of entropy). By definition, the entropy A in (261) is invariant under
translation and scaling, i.e., for any s > 0 and yp € RY, we have A(M) = A(sM + o). In
addition, A is also invariant under rotations because the Gaussian weight in (260) satisfies
e~lel?/4 = ¢=1Qal*/4 for any N x N rotation matrix Q). |

Theorem 5.28 (Entropy monotonicity). If M; := M* C RY flows by the MCF, then \(M;)
is non-increasing in t. So A(M,) is a Lyapunov function (i.e., a monotone quantity along the
flow).

Proof of Theorem 5.28. |
5.6 Shrinkers
A Multivariable calculus

A.1 Divergence theorem

Theorem A.1 (Divergence theorem on a bounded domain). Let Q@ C R™ and v is a vector field

on . Then
/Q div(v) = /8 (o), (262)

where n is the outer unit normal of €.

Corollary A.2. If n: R™ — R is a cutoff function such that n = 0 on 0f2, then

/Q div(nv) = /d (m) =0, (263)

where n is the outer unit normal of 2.

Lemma A.3 (Integration-by-parts: no boundary term). Let v be a vector field on Q@ C R™ and
7 : R™ = R be a cutoff function such that n =0 on 9€2. Then

/ ndiv(v) = — / (Vn,v). (264)
Q Q
Proof of Lemma A.3. By the chain rule,

div(nv) = (Vn,v) + ndiv(v). (265)

Applying Corollary A.2, we have

OZ/QdiV(nv) :/Q<V77,v>-|—ndiv(v). (266)

Theorem A.4 (Divergence theorem on manifolds).

/Q div(v) dVol = / (v,n) do, (267)

o0

where dVol is the volume element of Q and do is the surface/boundary measure of 9.
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B Stochastic calculus

B.1 Ito’s formula

Lemma B.1 (Ito’s formula). Let f : R” xR — R be a twice differentiable function and (X;):>0
is an n-dimensional It6 process

dXt = m(Xt, t) dt + O'(Xt, t) th, (268)

where (W})¢>0 is the standard Brownian motion in R”. Then,

df(Xp,t) = aa{—k(Vf,m)—F;tr (6TVfo)| dt + (Vf, o dW,). (269)

C Some functional inequalities
In this section, we present some useful functional inequalities.

C.1 Logarithmic Sobolev inequalities

A probability measure 7 is said to satisfy the logarithmic Sobolev inequality (LSI) if there
exists a k£ > 0 such that for any v € P(R") and 7 < v,

() < 5 T(v]m) (270)

We first discuss some Gaussian Sobolev inequalties. Let v be the standard Gaussian
measure on R”, i.e., y(z) = (2m) "2 exp(—|z|?/2).

Lemma C.1 (Gaussian LSI: information-theoretic version). For any v € P(R") and v < v,

H(vll) < 310|h). (211)

From Lemma C.1, we see that the standard Gaussian measure ~ satisfies the LSI with
k = 1. The equality in (271) is achieved if v is a translation of . To see this, take

v(z) = (27) "2 exp ( - ]33—23/|2)’ y € R™. (272)

Then
v 1 9 5
Hily) = [log(Z)dv= [ ~5(e —y = o) dv
1 1 1
= [y [l ar =P = Sl = 5loP (273)
On the other hand, since v < v, we have

> lel?

) = e (- ) —opin e (< 10) o)
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and

2
Vola) =yes(le, ) e (~2-) =y (275)
Then -
I(v|v) —/’yt)pdv—/\y!zpdv— lyl. (276)

Combining (273) and (276), we conclude H(v|y) = 3I(v||y). In fact, translation is the
only case that is currently known to achieve the equality case. Hence we pose the following
conjecture.

Conjecture C.2 (Characterization of the equality case in the Gaussian LSI). The equality case
H(v||y) = 1I(v||y) in the Gaussian LSI is achieved if and only if v is a translation of 7, i.e.,
v(z) = vy(x + y) for some y € R™.

Lemma C.3 (Gaussian LSI: functional version). Let f : R™ — R be a smooth function such
that f >0 and [ f>dy =1. Then

/ Flog f dy < / V2. (277)

Equivalently, we can write

Ent, (%) < 2 / V2 dr, (278)

where Ent,(g) = [ gloggdy is the entropy of the probability density g > 0.

It is easy to see that Lemma C.3 and C.1 are equivalent. Let g = f2. Then Vg = 2fVf
and Vf = ﬁVg. Note that (277) is equivalent to

1 2 1 [|Vg|?
/gloggd’yéQ/‘ng‘ dfy:2/’ ;‘ d~. (279)

Since g > 0 and [ g = 1, we can define a probability measure x such that g—: = g. Then (279)
can be written as

H(ul) < 5T (ull) (250)

Since g is arbitrary, the equivalence between Lemma C.3 and C.1 follows.
There are Euclidean LSIs and the following Lemma C.4 is a version with sharp constant.

Lemma C.4 (Euclidean LSI). Let f : R®™ — R be a smooth function such that [ f2dz = 1.
Then

/f2 log f2dz < glog (% / \Vf|2da:>. (281)

Lemma C.5 (Sobolev inequality). Let f : R™ — R be a smooth function with compact support.
Then for all n > 3,

/ 175 < () / VI, (252)
where . I‘( ) N
Cn) = n(n — 2) (F(n/2)) 2 (283)
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Note that the Gaussian LSIs (Lemma C.1 and C.3) are dimension-free inequalities, while
the Euclidean LSI (Lemma C.4) and Sobolev inequality (Lemma C.5) are not. The con-
stants in (281) and (282) are both sharp. Indeed, direct computation gives the constant —2

from (283). Let m = nk and k — oo and take a function f : R™ — R such that [ f2dz = 1.
Then

C(m) =

1 T(nk) \& 2% 20k 2 2
mnk(nk — 2) (I‘(nk /2)) = e (284)

™m2k? e nkmwe  mme
where we used Stirling’s approximation

(nk)! ~ W(@)nk (285)

€
C.2 Talagrand’s transportation inequalities
D Riemannian geometry

In this section, we collect some basic facts and results about Riemannian geometry.

D.1 Smooth manifolds

Definition D.1 (Topological manifold). A topological space (M, Q) is said to be an n-dimensional
topological manifold if for any p € M, there is an open set U € O containing p such that there
exists a map x : U — z(U) C R™ (equipped with the standard topology on R™) satisfying: (i)

x is invertible, i.e., there is a map =1 : x(U) — U; (ii) x is continuous; (iii) z ! is continuous.
In other words, = is a homeomorphism between U and z(U).

The pair (U, z) in Definition D.1 is called a chart and x is called the chart map. For p € U
and z(p) = (x'(p),...,2"(p)), 2*(p) is the i-th coordinate of z(p). An atlas is a collection of
charts A = {(Uy, Z4) : @ € A} such that M = UyecaU,.

For two charts (U, x) and (V,y) such that UNV # (), the map yox ' :R* D> 2(UNV) —
y(UNV') C R™ is said to be the chart transition map. We say (U, z) and (V, y) are &-compatible
if either UNV =0, or U NV # ( if the chart transition maps yoz~!: 2(UNV) = y(UNV)
and oy !t : y(UNV) — x(UNV) has certain &-property (as a map from R” to R").
For instance, the &-property can be C°(R"), C1(R"),...,C°°(R"), and so on. An atlas A is
&-compatible if the transition maps between any two charts in A have the &-property.

Definition D.2 (Smooth manifold). A smooth manifold (M, O, A) is a topological manifold
(M, O) equipped with a C°°(R"™)-compatible atlas A.

In these notes, we shall only consider smooth manifolds unless otherwise indicated.

Definition D.3 (Smooth functions on manifold). Let (M,O,.A) be a smooth manifold. A
function f : M — R is said to be a smooth map (or C*°-map) if foy~!:R™ — R is smooth
for every chart y in the atlas A.

According to Definition D.3, the coordinate functions z'

C*°-compatible atlas are all smooth maps.
A map ¢ : M — N is smooth if there is a chart (U, z) in M and a chart (V,y) in N such
that ¢(U) C V and the map yogpox™ ! :R™ Dz~ 1(U) — y(V) C R™ is C°.

,...,x"™ of any chart (U,z) in a
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Definition D.4 (Diffeomorphism). Let (M, Oy, Apr) and (N, Opn, Ay) are two smooth mani-
folds. We say that (M, O, Apr) and (N, Oy, An) are diffeomorphic if there exists a bijection
¢: M — N such that ¢ : M — N and ¢~ : N — M are both smooth maps.

D.2 Tensors
Let (V,+,-) be a vector space and (V*,®,®) be the dual space, where

V*={¢:V = R} = Hom(V,R) (286)

is the set of linear functionals on V. An element ¢ € V* is called a covector.

Definition D.5 (Tensor). Let (V,+,-) be a vector space and r,s € Ny := {0,1,...}. An
(r,s)-tensor T over V is an R-multi-linear map

T:V*x--xV*xVx-..xV SR, (287)

~~

r times s times

By Definition D.5, a covector ¢ € V* is a (0,1)-tensor over V. If dim(V) < oo, then
V = (V*)* is an isomorphism so that v € V' can be identified as a linear map V* = R, which
means that v is a (1, 0)-tensor.

Let V' be an n-dimensional vector space with an (arbitrarily chosen) basis (ey,...,ep).
Then the dual basis (¢!,...,e") for V* is uniquely determined by

e'(e;) = &L, (288)

where &5 = 1if i = j, and 6% = 0 if i # j.
Definition D.6 (Components of tensor). Let T be an (r, s)-tensor over an n-dimensional vector
space V such that n < co. Let (eq,...,e,) be a basis of V and (¢!, ...,&") be the dual basis

of V*. Then the components of T w.r.t. the chosen basis are defined as the (r + s)" real
numbers (or sometimes called coefficients)

Til""’irj17._.7js = T(&il, .. ,e’;‘ir, Cpy-e- ,6]‘5) (289)

for i1,...,0p,J1,---,Js € {1,...,n}.
As an example, consider a (1, 1)-tensor T with components given by T%; = T(e;, e;). Then
for any v € V and ¢ € V*, we can express

T(p,v) = T(Zqﬁiai, Zvjej> = ZZ(]ﬁiva(ai, ej) = ZZ(bivaij. (290)
i=1

j=1 i=1 j=1 i=1 j=1

Thus components fully determine the tensor (given the basis). To avoid write too many sums,
we typically use the Einstein summation convention:

T(p,v) = i’ T, (291)

where the repeated up-and-down indices ¢ and j are summed over.
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D.3 Tangent and cotangent spaces

Definition D.7 (Velocity). Let (M, O, A) be a smooth manifold and v : R — M be a curve
(at least C1). Let p € M and v(to) = p for some ty = p. The welocity of v at p is the linear
map defined as
vyp ¢ CF(M) SR,
[ Uv,p(f) =(f 07)/@0)- (292)
Note that (C°°(M),®,®) forms a vector space equipped with (f @ g)(p) = f(p) + g(p)

and (A ® g)(p) = A - g(p). Note further that (C*(M),®,®) is not only a vector space, it is
also a ring. However, (C*°(M),®,®) is not a field!

Definition D.8 (Tangent vector space). Let (M, O, A) be a smooth manifold. For each p € M,

T,M := {v%p : 7y is a smooth curve in M} (293)

is the tangent space to M at p.

Intuitively, we may understand the velocity v, (i.e., a tangent vector in T,M) as the
directional derivative along the curve v at p. The following Lemma D.9 confirms that the
tangent space T),M is indeed a vector space.

Lemma D.9. For each p € M, T,,M is a vector space of linear maps from C*° (M) to R.

Proof of Lemma D.9. We shall define & and ® to make (T,M,®,®) a vector space. For
f e C>(M), we define

® : T,M xT,M — Hom(C>*(M),R),
(Vy,p ® V,p) (f) = vy p(f) + v5(f), (294)

and

® : RxT,M — Hom(C*(M),R),
(50 vyp)(f) =5 vyp(f) (295)

We still need to show that there are smooth curves o and 7 such that v, ), = v, ® vs, and
Vrp = 5 O v,,p. We first construct the curve 7 via

T : R— M,
t—= 7(t) = (st +to) =: vyopus(t), (296)

where 15(t) = st + to. Now 7(0) = v(¢9) = p and by the chain rule,
vrp(f) = (f 2 7)'(0) = (f 07 0 115)'(0) = 15 0) - (f 0 7)'(1(0))

297
=5 (Fo(to) = 502 (f) = (501, (). 27
Next choose a chart (U, z) such that p € U, and define
o, : R—>M,
tsop(t) =2z (o) (to+1t) + (zod)(ts +1) — (zov)(t)), (298)
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where v(t9) = 6(¢t1) = p. Then 0,(0) = p and by the chain rule,

zon) ) (0i(f o x™)) (z(p)) (209)
= (o)) (t0) - (0u(f o2~ (@) + (((w08))(t1)) - (Bi(f 027 1)) (w(p))
= ((fex ™ o(zom)) (to) + (for ) o(z0) (t)
= (foy)(to) + (f 20)(t1) = vyp(f) + v5p(f) = (Vyp S v5)(f),
which the last line does not depend on the choice of the chart (U, x). [

Notation. In the proof of Lemma D.9, we have seen that for a curve v : R — M such
that y(0) = p, where (U, x) is a chart containing p,

Uy p(f) = ((07)) (0)- (9;(foz™"))(x(p)), f:M — R smooth, (300)
—434(0) :(Zf)

where we reserve 0;g as the j-th FEuclidean partial derivative of the function g : R — R.
Thus we write the velocity vector vy, € T,M as a linear map from C°°(M) to R defined as

v = 140) (5) (301)

where ( 8‘;)}) is the chart-induced basis of T, M and 4% (0) are the components of v, , w.r.t.

the chart-induced basis. We emphasize that ( g a’;) in (301) are not partial derivatives of
P

f because it does not make sense to speak of partial derivatives for a function defined on a

manifold where there is no global canonical basis such as in R"™. Once we see ( aa i) , we need
p
always to translate back to its definition in (300).

Lemma D.10 (Chart-induced basis of tangent space). Let (M, O, .A) be a smooth manifold
and (U, z) be a chart in A that contains p. Then

(o) s (). (302)

form a basis of T,U. In particular, dim(7,M) = d = dim(M ), where dim(7},,M) is the vector
space dimension of T, M and dim(M) is the dimension of the topological manifold (M, O).

Proof of Lemma D.10. We have shown in (301) that every v, , € T,U can be expressed as a

linear combination of (8%1) Yo (%) . It remains to show that these vectors are linearly
P p

independent. Since A is a C°°(R™)-compatible atlas, 27 : U — R is smooth. By (300),

O‘i(ain(mj) = o' (927 0a™h)) (2(p)) = o8] = o, (303)
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since 27 0o 271 : R™ — R such that (27 o 27 (cy,...,¢) = ¢;. If

0
0=a'(-) . 304
@ 6xl p ( )
then o/ = 0 for all j = 1,...,n, which means that the chart-induced basis vectors in (302)
are linearly independent. |

Definition D.11 (Cotangent space). The cotangent space T,y M is the dual space of T, M, i.e.,
T,M ={¢:T,M = R} (305)

contains the set of linear functionals on T),M.

Ezample D.12 (Gradient is a covector in the cotangent space). Let f € C°°(M) and consider

df), : T,M =R,
X = (df)p(X) = Xf, for X € T,M. (306)

We call (df), is the gradient of f at p € M. Clearly (df), € TyM (i.e., (df), is a covector)
and it is a (0, 1)-tensor over the vector space T, M. Thus the components of (df), w.r.t. the
chart-induced basis by (U, z) (cf. (289)) is given by

((df)p), = (df)p(<£j>p> - ((ifj)p for j=1,...,n. (307)

The interpretation of gradient is as follows. The directional derivative X f of f along a
tangent vector X at p is the gradient (df), evaluated at X. Thus gradient (df), gives the
information of directional derivatives of f along all possible tangent vectors at such point p.

Lemma D.13 (Dual basis of cotangent space). Let (M, O, A) be a smooth manifold and (U, x)
be a chart in A that contains p, where 27 : U — R is the j-th coordinate of . Then

(dz')p, ..., (dz"™), (308)
form a dual basis of T7M w.r.t. the basis (%) e (%) of T,M.
P P

Proof of Lemma D.13. The lemma follows from

(i), = (), =5 o

and the dual basis definition in (288). [

Now suppose we have two charts (U,z) and (V,y) such that U NV # (). Take a point
p € UNYV and a tangent vector X € T,M. Then we may express X in the two charts using
different local coordinate systems:

X =xi (aii>p —XJ ((;;)p. (310)
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Let f € C°°(M). Applying the (multi-variable) chain rule, we compute

(aiz)pf =0(foa)(@(p) = a((foy olyer™))(x®)
= 3y oz ) (2() - (9(foy™ ")) (up))

J
(89.) (ﬁ) . (311)
0xt/p\Oyl/p
Thus the last two displays imply that
0y 0 _wi( 9
Xx(axi>p<@>p — X] <ayj>p' (312)
Since (%) is a basis vector, we obtain the formula for the change of vector components
under a change of chart given by
4 Oy’ 4
X7 = ( ) X 313
Y oxt p z ( )

which is a linear map at the given point p. However, we should emphasize that the global
chart transformation is nonlinear.

We can also derive a formula for change of covector components under a change of chart.
Let w € TyM. Then we may write

W = Wy (dr')y = wiy);(dy’)y. (314)

By similar computations in the tangent space, one can show that

oz’
Wy = (8yj>pw(w)i (315)

and the matrix (g—;”;) is the inverse of the matrix (g%) .
P P

D.4 Tangent bundles and tensor fields

We have defined the tangent and cotangent spaces at a given point p € M in Section D.3. In
this section, we consider the field extension of these concepts to the whole manifold based on
the theory of bundles.

Definition D.14 (Bundle and fiber). A bundle is a triple (F, M, x) such that
7 B M, (316)

where E is a smooth manifold (“total space”), M is a smooth manifold (“base space”), and 7
is a surjective smooth map (“projection map”). For p € M, the fiber over p is the pre-image

7 1(p) of {p}.
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Consider a smooth n-dimensional manifold (M, O, A). Let

T™ = | | T,M (317)
peEM

be a total space and 7w : TM — M be the surjective map defined via X — p where p is the
unique point in M such that X € T,M. We would like first to turn 7'M into a topological
manifold such that 7 is continuous. We consider the coarsest topology:

Ory = {7~ YU) : U € 0}, (318)

which is sometimes also referred as the initial topology w.r.t. .
Next we need to construct a C°°-atlas on T'M from the C*°-atlas on M. Let

Ary = {(TU, &) : (U, x) € A}, (319)
where the chart map &, : TU — R?" is defined as

X = &(X)=( (zt om)(X),..., (z" ow)(X),(dxl),r(X)(X), ey (d™) o) (X)) ). (320)

(U,@)-coordinates of base point m(X) components of Xw.r.t. (U,z)

Note that

&l &(TU) = TU,
B,

where z71(al,...,a") = 7(X) is the base point. Then we need to check that the atlas Ary
is smooth. Let (U, x) and (V,y) be two charts in A such that U NV # (). Combining (320)
and (321), we can compute the chart transition map from R?" to R?*" in Ap), as following:

(&yo& ) (al, .. a™ bt b)) = ¢, (bj (;ﬂ)xl(al,...,a"))
) o P, ))

= (,(y’ ox H(al,...,a"),...,.. "bj(gi/;)x—l(al,...,an)’ . >
(322)

Note that (y* o 27 1)(al,...,a") is just the i-th coordinate of chart transition map of A and

(5%

D >m*1(a1,...,a") =0j(y ox V) (w(z7Ha,...,a™))) = 0;(y' oz V) (a,...,a™)). (323)

Since y o 7! is smooth, it follows that & o &1 is also smooth. Thus (T'M, Orpr, Arpr) is
a smooth manifold. Because 7 is a projection from TM to M, both of which are smooth
manifolds, we conclude that 7 is a smooth map. Thus the triple ("M, M, ) has a bundle
structure, which is referred as the tangent bundle.

Definition D.15 (Tangent bundle). For a smooth manifold (M, O, A), the triple (T'M, M, )
is called the tangent bundle. For simplicity, we sometimes call TM the tangent bundle.
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Why do we care about tangent bundles? The reason is that any smooth vector field on a
smooth manifold M can be represented as a smooth section of the tangent bundle (T'M, M, ).

Definition D.16 (Section). Let (E, M,w) be a bundle. A section o of the bundle is a map
X : M — E such that m o x = ids, where id; is the identity map on M.

Recall that (C*°(M),®,®) is not only a vector space, it is also a ring. Here we slightly
abuse the notation by denoting this ring as (C*° (M), +,-). Define

IN(TM)={x:M — TM : x is a smooth section}. (324)

The key idea is that one can think of I'(T'M) as a collection of smooth vector fields on M.
Note that x : M — T'M such that p — x(p) € T, M. Thus given a smooth map f € C>(M),
we can view xf : M — R defined via p — x(p)f € R. In words, a smooth vector field
x € I'(T'M) on M acting on a smooth function f € C*°(M) gives another smooth function
xf e C®(M).

Now we want to give more algebraic structures to the set I'(T'M). Let x,x € I'(T'M) be
two smooth vector fields on M and f,g € C°°(M). Define

xox)(f) = xf+xf, (325)
(gox)(f) = g-x(f) (326)

Then (I'(T'M), &, ®) would be a vector space, if C*°(M) is a field. However, C*°(M) is only a
ring, so this makes (I'T'M),®,®) a C°°(M)-module. Informally, we call T'(T'M) is “tangent
field.”

Similarly, one can consider the vector fields on the cotangent bundle T* M and construct
the section I'(T* M) as a C*°(M)-module. In words, an element in I'(7™ M) takes a vector field
in I'(TM) and it produces a smooth function in C°°(M). Informally, we also call I'(T*M)
“cotangent field.”

Definition D.17 (Tensor field). An (r,s)-tensor field T over I'(T'M) is a C°° (M )-multi-linear
map

T :T(T*M) % -+ x T(T*M) x (T M) x - -- x T(TM) = C*(M). (327)

r times s times
By convention, a (0, 0)-tensor field is a smooth function C*°(M).

In the language of tensor field, an element of the cotangent field I'(T* M) is a (0, 1)-tensor
field, which takes a vector field in I'(7T'M) and produces a smooth function in C*°(M). Below
we give such an example.

Ezample D.18 (Gradient tensor field as a cotangent field). The C°°(M)-linear map

df : T(TM) = C™(M),
x = df(x) == x/, (328)

where as before (xf)(p) = x(p)f gives the directional derivative of f along the vector x(p)
at p, is the (0, 1)-tensor field over the smooth vector fields I'(TM) on M. In other words,
the gradient tensor field df gives the gradients of f (on the whole manifold M) along all
possible smooth vector fields x, whereas we recall that the gradient (df), gives the directional
derivatives of f along all possible tangent vectors at a given point p.
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D.5 Connections and curvatures

Let X € I'(T'M) be a smooth vector field on M. (Note that we slightly change the notation
for a vector field from x in Appendix D.4 to X.)

In this section, we wish to extend the notion of directional derivative X : C*°(M) —
C>°(M) defined through (X f)(p) = X(p)f for p € M to the notion of connections on tensor
fields (cf. Example D.12 and D.18), which allows us to define straight lines and eventually
leads to curvatures.

Definition D.19 (Connection). A connection (sometimes also referred as affine connection) V
on a smooth manifold (M, O, A) is a map taking a pair of a vector (field) X on M and an
(r, s)-tensor field T' over I'(T'M) and sending them to an (r, s)-tensor (field) Vx T, satisfying:

1. Vxf=Xffor fe C®(M) (ie., fisa (0,0)-tensor);
2. Additivity (in T'): for (r,s)-tensor fields T" and S,

Vx(T+S)=VxT+ VxS, (329)

3. Leibniz rule (in T): for w € I(T*M),Y € I'(TM), and (1, 1)-tensor field T

Vx(T(w,Y)) =(VxT)(w,Y)+T(Vxw,Y)+T(w,VxY); (330)
4. C°°(M)-linearity (in X): for f € C*(M),
fo+zT: fVxT +V;T. (331)

We say VxT is the covariant derivative of T in the direction of X.

Remark D.20 (Remark on the Leibniz rule). First, the Leibniz rule (330) is equivalent to the
tensor product form. Let T be a (p, q)-tensor field and S be an (r, s)-tensor field. The tensor
product T ® S of T and S is defined as the (p + r, ¢ + s)-tensor field such that

(T® S)(C&)l, e ,wp+7«,X1, . .Xq+s)

(332)
= T(wla s 7wp7X11 s an) ’ S(wp+17 cee 7wp+T7Xq+17' . an+s)7

for wi,...,wppr € T(T*M) and X;,..., Xg4s € I(T'M). Then the Leibniz rule (330) can be
expressed in terms of the tensor product:

Vx(T®S) = (VxT)® S +T® (VxS). (333)

Second, the Leibniz rule (330) can defined on higher-order tensors, which are useful to
describe curvatures of smooth manifolds. For instance, for (1,2)-tensor 7', the Leibniz rule in
T becomes

Vx(T(w,Y,2)) = (VxT)(w,Y, 2)+ T(Vxw,Y,Z) + T(w,VxY, Z) + +T(w,Y,Vx Z). (334)
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Now we can equip a smooth manifold with an additional connection structure. A smooth
manifold with connection is a quadruple of structures (M, O, A, V). Intuitively, one can think
of Vx is an extension of the directional derivative X and V is an extension of the differential
d, where both extensions are seen from smooth functions to tensor fields.

How many ways can we determine the connection V on a smooth manifold (M, O, A)? It
turns out the degree of freedom (without putting extra structures) is high. Actually there are
infinitely many connections can be given on a smooth manifold.

To see this, let X and Y be vector fields on M. Take a chart (U,x) and note that
%, cee % are (1,0)-tensor fields (through an isomorphic identification). By the C*°(M)-

linearity (331) and the Leibniz rule (333) (in the tensor product form), we may compute

VXY:VXii(in) = X'V o (V7 0 )

azt 881'] dat aa?
:Xi(va@ﬂyj>(aﬂ> Xiyj(vﬁ(@» (335)
] j L
) s ()
—Tk, O
I ook

where I'*;; are the (chart-dependent) connection coefficient functions (on M) of V w.r.t.
(U, z).

Definition D.21 (Christoffel symbols). Given a smooth manifold (M, O, A) and a chart (U, z) €
A, the Christoffel symbols Fk’ji = F(x)kjl. are the connection coefficient functions defining a
connection on the smooth manifold via

r* U — R,

p Thu(p) = (44 (V0 2 ) ) o). (336)

dxt aﬂfj

Ji

In one chart (U, z), the Christoffel symbols, we can write the vector field in (335) as

OYIN\ 0 o 0 r70YIN 0 - 0
\V4 — Yyt yITk — x¢ irk ..
XV =X (8:& )ij XT T Ok X [(8mi>8xj yvr I Ok ] (337)

or we can write down its components
(VxY)™ = X(Y™) +T™; Y7 X', (338)

where Y is the m-th component of Y and the products in this expression are all pointwise
products of C'*° functions. By the duality between basis and Leibniz rule, one can show that

(Vxw)m = X(wm) — TV i w; X°. (339)

Based on (338) and (339), given an n-dimensional smooth manifold (M, O, .A), we can
determine a connection V from the n3-many Christoffel symbols iji, and we are left with
a huge freedom for choosing ij,- in order to determine a manifold with smooth connection
(M,0,A,V).

A first step to nail down the number of connections is to require the torsion-free structure.
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Definition D.22 (Torsion). Let (M,0,A,V) be a smooth manifold with connection. The
torsion of V is the (1, 2)-tensor field

T(w,X,Y)=w(VxY - VyX — [X,Y]), (340)
where the Lie bracket [X, Y] is the vector field defined by
X,Y]f = X(YF)—Y(Xf), feC®(M). (341)

The manifold (M, O, A, V) (or simply the connection V) is said to be torsion-free if T = 0.

It is easy to check that torsion T'(w, X, Y") defined in (340) is indeed a C'*°(M )-multi-linear
map. Note that, for chart-induced basis,

o 0

il o

so that the components of torsion are given by T’ kij =Tk ji — Fkij. Thus, on a chart-induced
basis, the connection V is torsion-free if the Christoffel symbols are symmetric iji = Fkij.

In order to define a curvature, it is first instructive to think about how the straight lines
look like in a curved smooth manifold. It is intuitively clear to speak about straight lines in
Euclidean spaces. This leads to the notion of autoparallely transported curves.

Definition D.23 (Paralle transport). A vector field X on M is said to be parallelly transported
along a smooth curve v : R — M if
Vo, X =0, (343)

where v, denotes the velocity vector field along .

Definition D.24 (Autoparallely transported curve). A smooth curve v : R — M is said to be
autoparallely transported if
Vo, vy =0, (344)

where v, again denotes the velocity vector field along .

In words, the velocity vector field along an autoparallely transported curve is constant
along the curve. We can view such curves have constant velocity, which mimics the “no-
acceleration” situation of straight lines in R".

Definition D.25 (Riemann curvature). The Riemann curvature of a connection V is the (1, 3)-
tensor field
R(w, 2,X,Y) = w(VxVyZ = VyVxZ — Vixy|2). (345)

It is also easy to check that the Riemann curvature R(w,Z, X,Y) defined in (345) is
indeed a C°°(M)-multi-linear map. In a chart-induced basis 577, ..., 57, components of the
Riemann curvature tensor can be expressed in terms of Christoffel symbols:

g 9 0
R C = R(d a7 ’ ) )
bed T B’ e 9l
0 a 0 a a s a s
= T —7T cb + T CSF db — T dsr ch- (346)

b —
Ox¢ Oxd
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Remark D.26 (Euclidean space with Cartesian coordinates). Consider the Euclidean space as
a smooth manifold (R", O, A) equipped with the standard topology (i.e., topology generated
by open subsets in R™) and a smooth atlas A. Under different atlas, we may have a Euclidean
space with different coordinate systems such as Cartesian and polar coordinate systems. By
default, if we assume the chart (R",idgn) € A and for such chart,

0
= (5 ) = 4
where 577,..., 8&% is the global Cartesian basis, then we call V¢ the Euclidean connection

and the resulting the manifold with connection (R™, O, A, V¢) the n-dimensional Euclidean
space. Usually, we suppress the superscript e and simply write V = V¢,

D.6 Riemannian manifolds and geodesics

Now we consider a smooth manifold with a metric structure and construct a connection on
such metric manifold. On a metric manifold, we can speak of metric quantities such as speed
or length of curves. It turns out, with an additional metric-compatibility requirement (plus
the torsion-free requirement), one can uniquely determine a connection on the metric manifold
such that the straight lines are the same as length-minimizing curves.

Let g : I(TM) x I'(T'M) — C*°(M) be a symmetric (0,2)-tensor field (i.e., g(X,Y) =
g(Y, X) for all vector fields X and Y in I'(T'M)). We first define a bundle isomorphism called
the musical map

b T'(TM)—=T(T"M),
X — b(X) such that b(X)(Y) = g(X,Y). (348)
By construction, the musical map b :=b, depends on the metric tensor g.

For a vector field X € T'(T'M), b(X) € T'(T*M) is a (0, 1)-tensor with components given
by

0 0
00) =b(X) (575) =9(X 55)
a 0 o 0
= Xmii :Xm N oy A :Xmam-
g( 0$m’0xa) g(&nm’ax“) g
where we used C°°(M )-multi-linearity of g.
Definition D.27 (Metric). A (non-degenerate) metric g on a smooth manifold (M, O, A) is

a symmetric (0, 2)-tensor field such that the musical map b is a C*°-isomorphism (i.e., b is
invertible) between the tangent field I'(T'M) and the cotangent field T'(7T*M).

Given a (symmetric and non-degenerate) metric g, one can define its inverse g~! as the
symmetric (2,0)-tensor field by

(349)

gt T(T*M) xT(T*M) — C>(M),
(w,0) = wb (). (350)

For a covector field w € T(T*M), b= (w) € T(TM) is a (1,0)-tensor as a vector field (via
an isomorphic identification) with components given by

b7 (W) =da" (7 (w)) = g7 (da®,w)

3 o (351)
=g (dz%, wpdx™) = wyng (dz? dz™) = wyg*™.
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where we used C°°(M)-multi-linearity of g~ and we denote ¢g*™ as the components of g

Informally, a (1, 1)-tensor field can be represented by a symmetric matrix (say in a chart),
and we know that a symmetric matrix has an eigendecomposition with real eigenvalues. For
a general (r, s)-metric tensor field g, it does not have an eigendecomposition. Rather, it only

has a signature.

Definition D.28 (Riemannian metric). A metric is called Riemannian (or sometimes called
positive-definite) if its signature is (+,...,4). Metrics with all other signatures are called
pseudo-Riemannian metric.

Definition D.29 (Riemannian manifold). A Riemannian manifold (M, O, A, g) is a smooth
manifold (M, O, A) equipped with a Riemannian metric tensor g.

Because a Riemannian metric is positive-definite, it defines an inner product structure on
the tangent field I'(T'M). In particular, on a Riemannian metric manifold (M, O, A, g), the
speed s(t) of a curve at 7(t) is defined as

s =/ (o(0) - (352)

where v, is the velocity vector field along the curve (i.e., v, is the velocity of curve v at t).

Definition D.30 (Length). Let « : [0,1] — M be a smooth curve. Then the length of ~y is

efined as
e L(y) = / dt—/,/ o(vr.0,)) (353)

Lemma D.31 (Length is preserved under reparametrization). Let 7 : [0,1] — M be a smooth
curve and o : [0,1] — [0, 1] be a smooth, bijective, and increasing function. Then

L(v) = L(yoo0). (354)

Definition D.32 (Geodesic). A curve v : [0,1] — M is called a geodesic on a Riemannian
manifold (M, O, A, g) if it is a stationary curve w.r.t. the length functional L in (353).

Recall that the signature of a Riemannian manifold is (+,...,+). Thus, given two end
points on M, a geodesic corresponding to the stationary point of L is the length-minimizing
curve on the manifold. Nevertheless, we should note that geodesic does not always exist:
consider two points (+1,+1) and (—1,—1) in R?\ {(0,0)} with the Euclidean metric on R?.
This problem can be fixed by considering the admissible curve, which is a piecewise smooth
curve segment. Setting

d(p,q) = inf {L(y) : v : [0,1] — M is admissible, v(0) = p,v(1) = ¢}, (355)

then (M, d) is a metric space [8, Chapter 2] (sometimes referred as a length space). If (M, d) is
a complete metric space, then it is a geodesically complete manifold/space or simply geodesic
space.

Theorem D.33 (Levi-Civita connection). On a Riemannian manifold (M, O, A, g), there is a
unique connection V that is torsion-free 7' = 0 and metric-compatible Vg = 0. This connec-
tion is called the Levi-Civita connection (or sometimes called the Riemiannian connection).
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For any vector fields X, Y, Z in the tangent bundle 7'M, the Leibniz rule (330) reads
Vxg(Y,2) = (Vxg)(Y, Z) + g(VxY, Z) + g(Y,Vx Z). (356)
Since g(Y, Z) € C*°(M) and Vxg = 0, metric compatibility can be equivalently expressed as
X(9(Y,2)) =9(VxY.Z) + g(Y,Vx Z). (357)

From now on, on a Riemannian manifold (M, O, A, g), the connection endowed will al-
ways be the Levi-Civita connection (without mentioning further). In such case, the metric
compatibility implies that a straight line between two points on the manifold is the same
as a geodesic that minimizes the length functional L in (353). That is, once we work on a
Riemannian manifold, the Riemman curvature tensor will be (implicitly) induced from the
Levi-Civita connection. However, we should highlight that the Riemann curvature tensor can
be defined through any connection without referring to the Riemannian metric.

Lemma D.34 (Existence and uniqueness of geodesics). Let (M,0,A,g) be a Riemannian
manifold. For every point p € M and v € T),M, there is a unique maximal geodesic 7y := 7, :
I — M with «(0) = p and +/(p) = v, defined on some open interval I containing 0.

Proof of Lemma D.34 can be found in Theorem 4.27 and Corollary 4.28 in [8].

Definition D.35 (Exponential map). Let (M, O, A, g) be a Riemannian manifold and p € M.
The exponential map exp,, : T,M — M is defined by

exp,(v) = (1), (358)

where 7, is the unique maximal geodesic defined on an open interval containing [0, 1] (cf.
Lemma D.34).

Note that for a smooth manifold (M, O, A), without additional connection V or metric g
structures, we cannot speak of the manifold shape. Given two end points, the straight line
determined by the autoparallely transported curves coincides to the geodesic determined by
the metric g if coefficient functions of the Levi-Civita connection satisfy that

T =

1 ¢q<59kq . 995 59jk>7 (359)

2 dxi | dxk  Omd
which comes from the geodesic equation.

Example D.36 (Round metric on 2-sphere). Consider the 2-sphere manifold (S?, O, A) and
a chart map z(p) := (z(p),2%(p)) = (0, ¢) such that # € (0,7) and ¢ € (0,27). We now
determine the shape of the smooth manifold 2-sphere by the round metric. Under the chart
map x, we may equip the 2-sphere smooth manifold (S?, O, .A) with the round metric whose
components are given by

(9i5(z71(0:9)); j10 = < (1) sing(e) > . (360)

It is straightforward to check that the metric g in (360) corresponds to a connection V*ound
with the connection coefficients in (359) given by

Tl (x71(0, ) = —sin() cos(), Tlio =Ty = cot(6), (361)
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and all other 5 Christoffel symbols are all zeros. Consider the equator curve ~ of the round

2-sphere parameterized by

o) = (o)D)= (' om)(t) = 1
o(t) = (po)(t) = (zoy)(t) =27t’.

(362)
(363)

Obviously, #'(t) = 0 and ¢'(t) = 67t2. Then the length of v can be computed by using the

components of the round metric tensor

10) = [ a0 e ery @ o)

1
= /\/1-O+sin2(7r/2)-367r2t4dt
0

1
= 67r/ t2dt = 2m,
0

(364)

(365)

which is the same as the length of the equator curve under the constant speed parametrizaiton
©(t) = 2mt. In the special case of round sphere, this calculation verifies the length maintenance

under reparametrization stated in Lemma D.31.

From the metric tensor g, we can define more curvature tensors on a Riemannian manifold

via contraction.

Definition D.37 (Curvature tensors). Let (M, O, A, g) be a Riemannian manifold.

1. The Riemann-Christoffel curvature is a (0, 4)-tensor defined by
Rabed = gam R™ bea-
2. The Ricci curvature is a (0, 2)-tensor defined by
Rap = R™ amp-
3. The scalar curvature is defined by
R=(97")" Rap.
4. The FEinstein curvature is a (0, 2)-tensor defined by

1
Gab = Rab - §Rgab-

D.7 Volume forms

Consider the problem of integrating functions over a smooth manifold (M, O, A).

(366)

(367)

(368)

(369)

Definition D.38 (Volume form). On an n-dimensional smooth manifold (M, O, A), a (0,n)-

tensor field Q (over I'(T'M)) is called a volume form if
1. Non-vanishing: 2 # 0 on M,
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2. Totally anti-symmetric: Q(..., X;, ..., X;,...) =-Q(..., X;,..., X;,...)forall X;, X; €
IN(TM)and i, j=1,...,n.

We can construct a (natural) volume form from a Riemannian manifold. Let (M, O, A, g)
be a Riemannian manifold. Take an arbitrary chart (U, z) and we let the components of the
tensor field 2 be given by

Qiyoovin = /93] Eir,..osins (370)
where (i1,...,1,) is a permutation of (1,...,n) such that e;_, =1 and ¢, _;, = €[ir,...in] TOT
any anti-symmetric bracket [...]. The ¢, ;,’s are called the Levi-Civita symbols. One can

check that Q;, ;. is well-defined if and only if for any pair of charts (U, z) and (U, y),

n

det (gy) — det(8;(y’ 0 2~1)) > 0. (371)

x
Condition (371) means that the chart transition maps are oriented.

Definition D.39 (Oriented atlas). Let A be a smooth atlas. Then A" C A is called a (pos-
itively) oriented sub-atlas of A if for any two charts (U, z), (V,y) € A", the chart transition
maps y oz ' and z oy~ ! are oriented:

oy 0

det (%> >0 or det (8—2) >0 onUNV. (372)

Let (M, O, A") be a smooth oriented manifold and (U, z) € A" be an oriented chart. Given
a volume form (2, we can define a scalar density on M by

w(p) = Q. i, (p) €V for p € M, (373)

where ¢ilrin = €i1,....in- Note that €, ; is chart-dependent, so is w. Moreover, the change
of scalar density under a change of chart is given by

Ox
Wy) = det <87y) W(z) (374)

for any two charts (U, z), (U, y) € A"
Let (M,0, A", g) be an oriented metric manifold. On one chart domain (U, z), we can
define the integration of a function f: U — R as

J 5= [, Vaetton e s oa o) do. (375)

One can check that (375) is well-defined and does not depend on the chart map on the same
chart domain U. To extend the integration to the whole manifold, we would then need
partition of unity. Let (U;,x;) € A" and g; : U; — R,i = 1,..., N, be a finite collection of
continuous functions such that for any p € M, we have ). 0;(p) = 1 where the sum is taken
over i such that p € U;. Then we define the integration of a function f: M — R as

e S | @n. (376)
i=1 7 Ui

Combining (375) and (376), we can define the (natural) volume form of a Riemannian
manifold as following.
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Definition D.40 (Volume form of oriented Riemannian manifold). Let (M, O, AT, g) be an
oriented Riemmanian manifold and (U, ) € AT be an oriented chart. The volume form of the
manifold M in an oriented chart (i.e., local coordinates) is defined as

dVol = \/det(g)dz! A --- A dz™, (377)

where A denotes the wedge product. The integration of a function f: M — R is defined as
| ri= [ rwavel). (378)
M M

Acknowledgement

This lecture note was initially carried out when the author was visiting the Institute for
Data, System, and Society (IDSS) at Massachusetts Institute of Technology and gradually
expanded while the author was teaching a topics course “Geometric Flows” at the University of
Illinois at Urbana-Champaign. The author would like to thank Sinho Chewi, Tobias Colding,
Thibaut Le Gouic, Philippe Rigollet, Austin Stromme, Yun Yang for their helpful comments
and feedbacks. This work is supported in part by an NSF CAREER award DMS-1752614
and a Simons Fellowship in Mathematics.

References

[1] David Alonso-Gutiérrez and Jests Bastero. Approaching the Kannan-Lovdsz-Simonovits
and Variance Conjectures. Springer, Cham, 2015.

[2] Francois Bolley, Ivan Gentil, and Arnaud Guillin. Convergence to equilibrium in wasser-
stein distance for fokker-planck equations. Journal of Functional Analysis, 263(8):2430
— 2457, 2012.

[3] Silouanos Brazitikos, Apostolos Giannopoulos, Petros Valettas, and Beatrice-Helen Vrit-
siou. Geometry of Isotropic Conver Bodies, volume 196 of Mathematical Surveys and
Monographs. American Mathematical Society, 2014.

[4] Luis A. Caffarelli. Monotonicity Properties of Optimal Transportation and the FKG and
Related Inequalities. Commun. Math. Phys., 214:547-563, 2000.

[5] Ivan Gentil, Christian Léonard, Luigia Ripani, and Luca Tamanini. An entropic inter-
polation proof of the hwi inequality. Stochastic Processes and their Applications, 2019.

[6] Richard Jordan, David Kinderlehrer, and Felix Otto. The variational formulation of the
fokker—planck equation. SIAM Journal on Mathematical Analysis, 29(1):1-17, 1998.

[7] Young-Heon Kim and Emanuel Milman. A generalization of Caffarelli’s contraction the-
orem via (reverse) heat flow. Mathematische Annalen, 354:827-862, 2012.

[8] John Lee. Introduction to Riemannian Manifolds. Graduate Texts in Mathematics.
Springer International Publishing, 2 edition, 2018.

89



[9]

[10]

[11]

[12]

[13]

Y. T. Lee and S. S. Vempala. Eldan’s stochastic localization and the kls hyperplane con-
jecture: An improved lower bound for expansion. In 2017 IEEE 58th Annual Symposium
on Foundations of Computer Science (FOCS), pages 998-1007, Oct 2017.

F. Otto and C. Villani. Generalization of an inequality by talagrand and links with the
logarithmic sobolev inequality. Journal of Functional Analysis, 173(2):361 — 400, 2000.

Gabriel Peyré and Marco Cuturi. Computational Optimal Transport: With Applications
to Data Science. Now Foundations and Trends, 2019.

Filippo Santambrogio. Optimal Transport for Applied Mathematicians - Calculus of Vari-
ations, PDFEs, and Modeling. Progress in Nonlinear Differential Equations and Their
Applications. Birkh&user, 2015.

Ramon van Handel. Probability in high dimension. APC 550 Lecture Notes, Princeton
University, 2016.

90



	1 Introduction
	2 Heat equation
	2.1 Euclidean gradient flow
	2.2 Parabolic maximum principle
	2.3 Heat kernels
	2.3.1 Heat kernel on Rn
	2.3.2 Heat kernel on S1

	2.4 Central limit theorem
	2.4.1 Functional inequalities

	2.5 Drift Laplacian
	2.5.1 Ornstein-Uhlenbeck operator
	2.5.2 Mehler flow

	2.6 Gradient estimates
	2.6.1 L2 gradient estimates
	2.6.2 Bochner formula
	2.6.3 L gradient estimate
	2.6.4 Harnack inequalities


	3 Continuity equation
	3.1 Metric derivative in Wasserstein space
	3.2 Heat equation revisited
	3.3 Wasserstein gradient flow
	3.3.1 First variation
	3.3.2 Minimizing movement scheme

	3.4 Fokker-Planck equation
	3.5 Langevin diffusion
	3.5.1 Feynman-Kac formula
	3.5.2 Generator and semi-group

	3.6 Rate of convergence

	4 Optimal transport
	4.1 Constant-speed geodesics in Wp
	4.2 Benamou-Brenier formulation
	4.3 Caffarelli contration theorem
	4.3.1 Rigorous proof
	4.3.2 Generalization via reverse heat flow
	4.3.3 Equality case


	5 Mean curvature flow
	5.1 First variation of volume functional
	5.2 Parabolic maximum principle
	5.3 Minimal surface equation
	5.4 Huisken monotonicity
	5.5 Gaussian area and entropy
	5.6 Shrinkers

	A Multivariable calculus
	A.1 Divergence theorem

	B Stochastic calculus
	B.1 Itô's formula

	C Some functional inequalities
	C.1 Logarithmic Sobolev inequalities
	C.2 Talagrand's transportation inequalities

	D Riemannian geometry
	D.1 Smooth manifolds
	D.2 Tensors
	D.3 Tangent and cotangent spaces
	D.4 Tangent bundles and tensor fields
	D.5 Connections and curvatures
	D.6 Riemannian manifolds and geodesics
	D.7 Volume forms


